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Abstract

Crscillatory behavior 15 investigated 10 the case of a nerwork of escillatery pairs of peurons with time-delayed connections.
The uniform peniedic solution is obizined from the numenica] ints=gration of & svsizm redoced i9 a single pair of newrpas.
The stability of this periodic orbit in the network is estimated from a discretizacion of the me ams. It is shown that the
perodic solution becomes unstable a5 the size of the sysiem is increased. This boss of saability resulis io the appearance of
spatiotemporally seroctured behavios, such as wavelling waves.

Osciflatory activity is 3 common feature of natursl [1,.2] and amificial [3] nevworks of neurons. Oscillations can
arise as an intrnsic property of mdividual neurons [4], or alternatively, from the synaptac interactions befwesn
neurons that would not osciflate otherwise [2,5]. In this paper, we investigate ascillztory phenomena of the latter
Eind

The role of synchropized oscillations in the cerebral corex was subject 1o much aitention these last vears
(reviewed in Ref. [6]). Modsls of neural networks winh time-delaved interactions wers proposed to scoount for
this oscillatory activity [7-10] and typrcally displaved robust oscillations for some condizons of inpet. Solvabie
moadels without time delay were zlso investigated o the same context [11-13]. Such models consider densely
connected networks for which synchronized oscilletions are nsually seen. The present model addresses ascillatory
behavior in the case of networks with locel connectivity, which s closer to the connectivity of cershral corfical
newrons [14].

The tvpe-of model decnbed here 15 denved from passive membrznog equations with sigmoid-tyvpe of synaptsc
coupling. This i5 a simplified mod=l of synaplic interaction which relies on the hypothesis that the output aciivity
of the synapss can be sxpressed as a sigmoid function of the presymaptic membrane potential, wath a fime
defay charactenstic: of propegation 2nd release of tansmitiar. Similar types of modsls have been imiroducsd
previoesky [13=17] and were shown to display oscilleiory behavior,

Limit ¢ycle oscillations and bursting behavior were shown 10 0ccur o3 single pair of peurons interconnecied
with excitatory and inhibitory synapses [ 1 7). This svsiem was desgribod by a two-varable delay différgatal equa-
uon (DDE) in whech limit cyéle osollations arose through a Hopf hifurcation and turm inie burstiog oscillations
via-a homochnic bifurcatton [17]. We investigate here the oscillatory behavior of o Tocaily-connacted nelwark
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Fig. 1. Panern of compectivity usad in the moded, {A ) Cognectivity pattern of the two. dimendions] perwark Nine pairs of
excitziery {E] and inhibitory (1} pewrens are ilhefirated. Each patr is connected 10 adjacent pairs vis exoila1ory-10-eXCilalony
connshons only, (B) Reduced system confisting of 2 single parr of inlerconnect=d negrons with set~connections. This reduced
systemn 5 used for calculating vniform solutions of The perwork

constituted of pairs of neurons described by the same sguations. We show that such a network displavs spatially
uniform oscillations which become unsizble 25 the size of the system is increased,

We consider the case of a two-dimensional nerwork of N pairs of neurons, where N is an integer squared.
Connéctions between adjacent pairs of meurons are made betvweeen excitatory neurons (Fig. 1A). Labelling the
membrane potential of excitatory and inhabitory newrons by X; and Y, respectively ({ = 1, .., N}, one oblains

dX i . ¥ e .
= = =W = (K- ) ) PR (=) — (K = F:F (Yt - 1)),
)
d¥, " . . ; : ;
— = —h- W) = (M- RIBF (- ) = (N - TF il —)),  i=1 . N, ()

where ¥~' = 4 ms is the fime constant of the membrane, 1L = —&0 mV is the leakage potential, 1 = 50 mV
and ¥ = =80 mV are the equilibrium potentials for synaplic excilation and inhibition respectively. £, £,
Iy, L3y are are the synaptic weighls for exciatory-io-exciiatory, inhibtorv-lo-sxcitalony, excilatory-Io-imhiktory
end inhibitory-to-inhibitory conpections respectively. 1 = 2 me is the time delzy due to signal propagation and
SY¥REQUC IFAnSMISsIon.

F is a sigmoid function used for synaptic interaction. F {17} gives the ounput activity of the nevuron in function
of its membrane polenual 17:

l

I+ exp[—all +35]]°  —

where oo = 0.2 mV~. =

Fi¥) =
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The conmcciivity pattern is homogensous, m the sense that each excitatory neuron receives The same number
of connections from adjacent excitatory neurons (Fig. 1A), with identical values for synaplic weights (83 ). The
boundary conditions are taken as the discretized version of nuil-flux conditions ™' .

For such a spatially uniform connectivity, there exist spatially uniform sofutions in the network. If we assume
that there is a periodic solution [ X0} = YLVl = Yirl} with X{t + T} = X{t)and ¥t + T) = ¥V iri
where T is the oscillation period, then Egs. (1) reduce 1o & single pair of neurons with self-connections {ilusirated
inFig 18]:

% = PN - — (X — ML PN —T)) - (X - B FLY (e —1)).

ay

T =¥ — ) =¥ — MK FIX (1 =2)) = (F = BMRFIY(=-1)) (24

This system is (dentical 1o thet studied before [17] and was shown to possess a limat syele, which corresponds in
Egs. (1} vo & uniform periodic solution.

Methods already emploved for calculating the stability of periodic orbits in DDEs include estimation of the
Floquet multipliers [18,19] or estimation of the stability of the fixed point associated 1o the periodic orbit afier
a Poincare section [20]. These methods wers applied 1o one-vanable DDEs and cannot be used with the present
eguations. We use here another method, based on a discretization of the tme axs; for estimaning the stabdity of
the uniform pericdic orbir.

By hinearizing the system arcund the periodic solution, one obtzins

dx b
E = —E]I,-_ Elz-tf{!_ r} _51.!":‘! _T.:Iu
4
% = =d1¥; = dx {1 = 1) = Davy {2 — 1), fml, N i3

where gy, @2, B, o By are time periodic coefMicients of period T, defined 25

1) = -7 =4 F{r - ki), @ity m —y — 4 F (1) - 51,
Bilt) = —[X(0) — Ve l@aF ([l = F (1),  Balt) = =[X () - K]@aFB 0] — Fall,

bs(ed = —[Vied— Felidsa P deh [1 — Fyizd], Bafth) = =[¥ {1} = Mifak (1)1 - Fit}]. {4}
with Fi () = F{X{i]) end F;(i} = F{¥{t}}, and the following property has besn used,
aF(X) . .
(T)Ici = I:E.F‘I_E] l1 —_ F‘ﬂ_l'!-

The Lnearized svstem (3] can also be written in vectonal form:

dzi{i)

= A{tdzlr) + Bldcier = 1), {3}

where z{f} = (x;, X3, ... T3 Fpo Voo ¥ b and A0 ) and 541} are matrices of size 4 N* with time periodic elements
of period T

The stability of the periodic solution is found by sobving this squation. We chooss hers 10 uge 3 discretization of
the time axis which reduces the linearized svstem (5] 1o a discrete map. The sigenvalues of this map characienze
the stabality of the periodic orbit in the network.

=1 Peripdic boundary conditions wers also used amd were found 16 give sise 1o A very similar behavior,
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Kecping only the firsi-ordger 1¢rms 1a 1he expaEnsion:

; A dzir}
zif H]'—-.l-i+ﬁ—d! -

whers fri5 1he discrelization time step, one oblains

str ) =z0) + RAU 2y + ARzl =T+ 0],

(6}

(7}

Here, zir—1) was replaced by {1 — © + ), which reduces Egs. {3 )10 2n equivaleni discretized form tharn ailows

estimation of the stability of the periodic orbit In the limit a5 & — 0, this svsiem iends wod3),

By choosing the discretization sicp & as & sub-multiple of the time delay 1, such that ki = t where k isa

pasiive tnteper, one ohigins

2+ i) =z(r} + kAU i) + Bzt — (k= 1040,

(8]

If 1 15 & sub-multiple of the period T of the oscillation, such that mr = T, where a1 12 a positive integer, then the

same drscretization can be repeated for the times 0, F = &, ..., 1 = (& = 2)&:

s =z = k) £ hAlr = kYt —h) + BB - h)z(r = kh),
tli=h)=z{r=2R) + hA{r — 2Rzt —2h) + hBir — 2a)zlr - (k + 1)&],
zr= (k—2)h) = z(t — Lk —1}h) + hAle— (k— | }Adzlz— (k- 1K)

+ £B(F— (k =1}zl = 2k - 2}k).

By choosing

mltsrlmziz+bh, wlt)=zli=(k=108), wsli+1)=zi(1), ot} mzie—Kkh),
upit+ ) mzir—#), wtl=zlr=(k+1)R). _.

et =+ 1) =glr= [k =2}, Milr) = zilf — {2k = 2},
one obiains the following map,
MU + 1) = NOUI.
where 7 15 & vector of components {ary, . o}, of dimension 25k, The matrix M (1) equals

f I —I—kAir) 0 . o i
0 ! I —hAlr =k}

I =I—-hd{i—tk-24
\ 0 " 0 I J

and the matrix N{1} equals

(%)

(¥
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( hBit) 0 o

] R — k)

1] 1) KBi{r={k -2/ a
k:+.ﬂr.41:—{k-um o . 0 hB(1— [k — 1}4)

Thess two matrices are of dimension 4MV2&%
If A 15 invertible, the discretized squation can be written as

it 4 1) = M NIU),
By choasing Jit) = M~ {zi¥i1) and by reiterating o1 limes, one obtains
Uit + 1) = JUMAL), (1)
Uit 2t) = F{i + )00 + 1) = T+ shF (el eh, e (12}
Uit + me) =Tl 4 {m— 100001 + {m - 1}z}
= [Jit + (m -1} J{i + 2e)J 00 + edSUed jU (). (13}
The last of these sguatvons can be wrinen 25
Uit4 T) = I™(T)U2), (14)

where the matrix J*' (T represents the linear mapping of the system, after discretizaton, over the period T of
the gscillation. The sigenvalues of J*™' (T} determine the sisbilitv of the limit cycle: if one of these cigenvalues
exceeds | in moduoius, then the Hmit cvcle 15 unsiable.

The stability analysis is only possible for the values of the parametsrs for which the period T of the oscillation
5 a multiple of the time delay: T = mr. For the values considered here (£ = [y = 12.3 and £y =0), three
valnes of £2; give a period which Tulfills this requirement. They were estimated numencally from Eq. (2). They
are 2, = 12,565 (penod of 34 ms; m = 17}, 0, = 13.910 {period of 36 ms; m = 18) and £2y = 15.270 (period
of 38 ms; m = 19).

The matrix J'™! was constructed for the three values of the paramaiers described above and for different values
of the discretization step k. The eigenvalues were estimated numerically ®* and all of them were found to be real
positive. In this case, the sigbility criterion for the periodic orbit becomes simply

Amas < L, {15)

where A5, 15 the larpest positive eigenvelue.

Fig. 2a shows the maximal eigenvalue as a function of the discretization step & for N = 1. This'is cqaivalent
1o evaluating the stability of the periodic orbit in the two-vaniable system (2). It can be seen that as & — O, the
vahie of lam tends 10 a value 45, In the limit for very small &, 1., can be expanded as

Aous w Fg + Ak £ dgh" + s (18]

The value of 45 was appraached by reducing & 25 much as possible ™ _ and the value of iy was extrapolaled using
exprassion (16},

=2 Numenical estintarion was pesformed wsing 3 NaG (Numericsl Algorishm Group b algenthim {see also Refl [21]) on TBM
3090 commputers with larpe vhmsal memory.

*} Diagonalization of lange mainoes S (T') by computer means sypically mequires very largs memory space bul reasonable
compuieT e,
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Fig. 2. Maximal eipeovalae Azax 35 8 function of the discretization step & {1n ms). Four different network $izes are llusiraned
I =1, N=%9K=I{6and ¥ = 36} The exirapolai=d value of io, in 0 = 0 gives an estimation of the stalnbny of the
periodic orbit in the nerwork The three curves commespond 1o thres values of o3 m = 17 [dashed-squares, £ = 12,585,
mr = 19 (doticd-trizngles, 53y = 13.91) end m = 1% (solid<cirdes, £y = 15.27). For ¥ = [6and ¥ = 36 the m = 19
cipenvabues indicate that the periodic orbit is unssable, a5 thown by their converssnce 1o 2 value preater than onity a1t & = 0L

For N = 1, iy < 1, and the periodic orbit is stable, gs expected. For N > 1, the extrapotated value i provades
an sstimation of the stabifity of the uniform penodic oscillation in 3 petwork of size N, Fies. Zb-2d show the
values of Ames for networks of size N = 8. N = 16and N = 36, Fig. 3 repons the values extrapolzied for 4; asa
function of the size of the neiwork. Boih figuress show that the uniform oscillanon can become wostabls for N = 5,

The numerical simulkztion of the network confirmed the stabifity anabvsis. For ¥ = 9 (Fig. 4A), the whaole
syeterm oscillanes in phase; whereas for N = 16 (Figs. 4B, 4C), this uniform oscillation is unstable and the aetwork
shows spanotemporal patterns, such as travelling waves. This type of spatictemporal activity is commonly seen in
exciiable media (reviewed 1o Ref. [22] ] and was also analyzed in neural networks [23]. Numencal simuelations
also shiowed that the transiton between vniform oscillations and spatotemporal behaviar do not depend on the
particolar velues chosen for the parameters™ | For larper sizes of the network, more irmepular spatiotemparal

=2 Womencal simuobations with Inny.:r ﬁl.l;:t of random connectivity were performed and qualiatively similar reslls were
ohserved [ 24 ). The behavior was the same snd indspendent of small variations in oiher parameters of the moded,
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Fig. 3. Maximal cigtnvabe Jg a5 & function of the size of the netaork. The sigenvaloe is represented as a function of the size
expressed as N, the number of pairs of aevrons. For m = 17 {dashed-squares) and m = 18 {domed-tniangles), iy emains
lower than unity asd the uniform periodic splution is stable for all sizes conssdersd. Form = 19 {solid-circles), the umiform
pericdic solution is suahie for small pegworks (dg < | for N £ 9v:and loses stability for lareer networks (4 > 1 for &V = §1.

Fig 4. Acrivity of the network sbtaned from nomerseal intepration. The simulaneons superimpoted traces show the acivity
of =ach exciialany seuron in the astwaork after a transent tme of 300 ms. (A] N = 3, the neowork shows 3 aniform periodic
cacitlation. (B W = 16, (C) & = 35, wavelling waves of activity ane seon. Vemical calibration bars ang 100 mV and the
horizonial calibeation bar i3 30 ms. 8], = 1527, 825 = 4y = |15 &y = The sysiem was integratsd using & Rungs-Funa
slporithm modifled jor DDE, with s constant inteprenon sep of 00008 ms,

activity Ep;ﬂ.‘.ﬂ.ﬁ:s i

A stahilicy analysis of the vaiform fixed points was slso performed [24] using 2 method developed by Marous
and Westerveli [26]. The fixed points of the network were shown to possess the same stability as mea single paie
of neurdns, indépendently of the size of the petwork. Therefore the rvpical dynamical behavior of the network
as a function of £ is as follows. For small valves of the excitatory synaptic weights the system remamns in a
resting stationary state whose value and stability do not depend on the size of the system. For higher valoes of £y,
uniform perindic solutions app=ar. Contrary 1o fixed points, the stzbility of these uniform oscillztions critically
depends on the size of the n2work. For sull higher values of 8y, or for larger sizes, these oscillasions become
unstable and other spatiotemporal patterns of osallatory activily appear.

Geperally, the size of the system and the extent of the connectivity have a determinant robe for 1he stabality of
the uniform oscillation. Tt can be shown that for "all-to-all” coupling the periodic orbit in the present moda) 15
alwavs siable, in accordance with somez models [13,27] but in contrediction with others [3]. Oz of the most
striking features of the present model is that the uniform periodic oscillation can destabilize as only the size of
the sysiém 1% incréased (conlinuous curve in Fig. 30,

By analogy with similar equations introduced by Wikson and Cowan [23], the vanables X and ¥ can also be
interpreted as the fraction of excitatory and inhibitory cells active per unit of time, Anatomical daga [14,29]
show that inhibitory cells tend to send their connections vertically, in contrast itk the long range horizonial
connectivity of some exciiatory celis. In this case, sach pair of A=Y, neurons could be thought 1o represeny the
activity of 2 population of excitaiory and inhibitory cells, connected to adjacent populations via [ateral excitatory

® Such tpe of adivity iF verv similar 10 dpatiotémporal chans ar chemissl wrboience. A more dewiled sccount of the
chamactenzation of spatiotempora] chaes in the network 13 10 prepacatioa [25].
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Caonlrary to meny models of the cerebral conex which predict robust osoiflations under some conditions of
input, the present I;'II:HﬂtI predicls that synchronized osallanons are ool 2 siable phenomenen in getwarks with
loal eonpectivity. Oniher stedies: [ 27 ] kave shown that coupied oscillators with Jocal conneciviny are also subject
tr an insiEnbity of unmiform oscillatipns These resulis taken topethér natumlly lead 10 1he supgestion that the
Ipcalized coanearvayy aof comical neorons s a struciural featore which: prevents the synchromization of large
cofical 1errones, However, this question needs 1o be addressec by baslopically more planwbie models, tha
mertt 12ke inlo 2eeonnt the details of the anziomy af ithe cordex [14)] as well as the complex intRnsic propemies

of cortical cells [30]

This research was partly supported by the Belpian Government (IMPULS project BEFO AL 10, FNRS projen
1.5.662.88F), and by the EEC. (ESPRIT, Basic Besearch, project 3234), 1 wish ip acknowledge Dirs, Agnessa
Babloyantz and Pierme Gaspard for stimulating discussions. 1 &lse thank Obvaer Coenen, Jerome Losson, Dirs
Fiaws Obermiayer and Mishail Tsodyks for comments on the manuscrpt
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