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In a previous paper (Rudolph & Destexhe, 2006), we proposed various
models, the gIF neuron models, of analytical integrate-and-fire (IF) neurons with conductance-based (COBA) dynamics for use in event-driven
simulations. These models are based on an analytical approximation
of the differential equation describing the IF neuron with exponential
synaptic conductances and were successfully tested with respect to their
response to random and oscillating inputs. Because they are analytical
and mathematically simple, the gIF models are best suited for fast eventdriven simulation strategies. However, the drawback of such models is
they rely on a nonrealistic postsynaptic potential (PSP) time course, consisting of a discontinuous jump followed by a decay governed by the
membrane time constant. Here, we address this limitation by conceiving
an analytical approximation of the COBA IF neuron model with the full
PSP time course. The subthreshold and suprathreshold response of this
gIF4 model reproduces remarkably well the postsynaptic responses of the
numerically solved passive membrane equation subject to conductance
noise, while gaining at least two orders of magnitude in computational
performance. Although the analytical structure of the gIF4 model is more
complex than that of its predecessors due to the necessity of calculating
future spike times, a simple and fast algorithmic implementation for use
in large-scale neural network simulations is proposed.

1 Introduction
Event-driven (or asynchronous) simulation strategies have established
themselves as an efficient and potent alternative to traditional clock-driven
Neural Computation 24, 1426–1461 (2012)
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(or synchronous) strategies (Watts, 1994; Mattia & Del Giudice, 2000; Reutimann, Giugliano, & Fusi, 2003; Brette, 2006, 2007; Tonnelier, Belmabrouk,
& Martinez, 2007; Carrillo, Ros, Tolu, Nieus, & D’Angelo, 2008; D’Haene,
Schrauwen, Van Campenhout, & Stroobandt, 2009), particularly in computational investigations of biologically more realistic large-scale neural
networks (for a comprehensive overview, see Brette et al., 2007). One defining advantage of such strategies is the exact treatment of spike times,
which renders simulations of complex neural systems more precise than
achievable in traditional clock-driven numerical integration approaches
(Tsodyks, Mit’kov, & Sompolinsky, 1993; Hansel, Mato, Meurier, & Neltner,
1998; Markram, Wang, & Tsodyks, 1998; Senn, Markram, & Tsodyks, 2000;
Rudolph & Destexhe, 2007). However, the exploitation of this advantage
sets stringent requirements to the neuronal models used. Specifically, to
make full use of the activity-dependent gains in speed of neural simulations implementing the event-driven strategy, the neuronal models must be
analytically solvable, or at least provide analytically simple approximations
for their state variables.
Despite such constraints, the event-driven approach was successfully applied in a variety of contexts. These range from networks of spiking neurons
with complex dynamics and focused on hardware implementations (Watts,
1994; Giugliano, 2000; Mattia & Del Giudice, 2000) or specific software implementations (Carrillo et al., 2008), up to networks of several hundred
thousand neurons modeling the processing of information in the visual
cortex (Delorme, Gautrais, van Rullen, & Thorpe, 1999; Delorme & Thorpe,
2003). Other studies focused on easing the constraints imposed on the complexity of the used neuronal models by demonstrating that the event-driven
framework can be applied to integrate-and-fire (IF) neurons with exponential synaptic conductances (Brette, 2006, 2007; Rudolph & Destexhe, 2007),
that is, models whose solutions are no longer given in terms of closed-form
analytically exact functions, that is, functions not containing infinite sums or
integrals in their analytical definition. Simulations with such models were
shown to yield more exact results and were computationally more efficient
when compared with classical integration schemes such as Euler or RungeKutta commonly used in clock-driven simulation strategies (Brette, 2006).
Finally, the event-driven approach was successfully extended to models of
neuronal dynamics described by stochastic processes, such as intrinsically
noisy neurons or neurons with synaptic noise stemming from their embedding into larger networks (Reutimann et al., 2003), thus providing an
efficient simulation strategy for studying networks of interacting neurons
with an arbitrary number of external afferents modeled in terms of effective
stochastic processes (Ricciardi & Sacerdote, 1979; Lánský & Rospars, 1995;
Destexhe, Rudolph, Fellous, & Sejnowski, 2001).
Originally, neuronal models for implementation in event-driven simulations required simple, current-based (CUBA) dynamics (Mattia & Del
Giudice, 2000; Reutimann et al., 2003; Hines & Carnevale, 2004) for the full

1428

M. Rudolph-Lilith, M. Dubois, and A. Destexhe

exploitation of the computational efficiency of this strategy. More biophysically realistic neuronal models with conductance-based (COBA) synaptic
interactions or membrane dynamics in general do not allow for an analytically closed-form solution due to the multiplicative coupling of conductances to the state variable. Specifically, even for simple synaptic conductances models, such as exponential decay, despite the fact that the first-order
differential membrane equation will yield an analytical solution in terms
of special functions, such as gamma functions, the latter can be evaluated
only numerically or by analytic approximations. This might render such
models less suitable for use in event-driven simulations due to the reduced
numerical precision (when striving for low computational load) or additional computational load (when striving for higher numerical precision)
that accompanies such numerical or analytical approximations.
We have proposed in another paper (Rudolph & Destexhe, 2006) a number of analytical approximations of the leaky classical IF neuron (Lapicque,
1907; Knight, 1972) with conductance-based synaptic dynamics, the gIF
models, in order to overcome this limitation. As we showed, a straightforward analytical approximation of the full solution of the passive membrane
equation with exponential inhibitory and excitatory synaptic conductances
can lead to analytically simple closed-form solutions for the state variable
in between two succeeding synaptic inputs. In a comparative evaluation,
we further showed that the proposed gIF models performed similar to
simple but biophysically unrealistic CUBA leaky IF models, thus gaining
several orders of magnitude in performance when compared to numerical
solutions of COBA IF neuronal models, while displaying a biophysically
response dynamics to a variety of synaptic input paradigms that was comparable to COBA models, or even close to that observed in model with
Hodgkin-Huxley spike-generating mechanisms.
The compromise between performance and precision of the gIF neuron
models was achieved by using an instantaneous jump of the state variable
on arrival of a synaptic input. This freed the algorithm from estimating
spike times, as here spikes can occur only at times of excitatory synaptic
arrivals and led to an efficient, straightforward implementation in simulations using the event-driven framework. However, this compromise also
limits the possible response dynamics of the original gIF models: neuronal
membranes do display postsynaptic potentials (PSPs), that is, postsynaptic
time courses in response to synaptic stimulation with a finite rise time,
which may result in spikes occurring up to several milliseconds after
arrival of an excitatory synaptic input.
In this letter, we propose an extension of the original gIF neuronal models, the gIF4 neuronal model, which overcomes this restriction and approximates to high precision the PSP time course and resulting spiking responses.
The idea behind the gIF4 model was proposed earlier (Rudolph & Destexhe,
2006, appendix C.1) and can be motivated as an analytical implementation
of a biophysically plausible neuronal model with state dynamics driven
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by synaptic conductances. Although the gIF4 is analytically slightly more
complex than its predecessors, we show that the model can easily be implemented in efficient event-driven simulations achieving a performance
comparable to analytically solved CUBA leaky IF neuronal models, while
displaying a subthreshold and suprathreshold response that reproduces
with a high degree of precision the behavior of the numerically solved
passive membrane equation with COBA synaptic dynamics.
In the following section, we briefly review the idea behind the original
gIF neuronal models before introducing the gIF4 model and the outline of
an algorithm for embedding this model in event-driven simulations. Section 3 evaluates the response of the gIF4 model to various paradigms of
synaptic activity in comparison with the numerical solution of the original membrane equation with conductance-based synaptic inputs. A preliminary version of this work was published in a conference proceedings
(Rudolph-Lilith, Dubois, & Destexhe, 2009).
2 Analytical Integrate-and-Fire Neuron Models with
Presynaptic-Activity Dependent State Dynamics
After a brief review of the original integrate-and-fire (IF) neuron model with
presynaptic-activity-dependent state dynamics (the gIF1 to gIF3 models) in
section 2.1, we introduce a new class of model, the gIF4 model, in section
2.2.
2.1 Overview of the Original gIF1 to gIF3 Neuron Models. One of the
first and analytically solvable neuronal models is the leaky integrate-andfire (LIF) neuron (Lapicque, 1907; Knight, 1972). It describes the dynamics
of the state variable, the membrane potential V (t), in terms of a linear
differential equation of first order in time:
C

dV (t)
C
+ L (V (t) − VL ) = Is (t).
dt
τm

(2.1)

Here, C denotes the membrane capacity, τmL the (time-independent) time
constant of the leaky membrane, τmL = GC , with GL being the constant leak
L
conductance and VL the leak reversal potential. The state variable V (t)
takes values between a resting and threshold value, Vrest = VL and Vthres ,
respectively, and undergoes transient changes driven by the synaptic input
current Is (t). If V (t) reaches the threshold value Vthres at some time t, the
cell generates a spike, and V (t) is instantaneously or after a fixed refractory
period reset to Vrest .
For sufficiently simple synaptic currents Is (t), equation 2.1 can be solved
analytically. This, together with the simple update rule of the state variable
upon threshold crossings, allows an efficient implementation of this model
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in event-based numerical simulations. However, synaptic transmission in
biological neurons is conductance based, which renders the synaptic current
Is (t) the result of rapid transient changes of conductances in the postsynaptic membrane and, thus, dependent on the actual state of the membrane.
Denoting with Gs (t) the synaptic conductance and Vs the corresponding
synaptic reversal potential, Is (t) takes the form
Is (t) = −(V (t) − Vs )Gs (t).

(2.2)

Due to the coupling of the membrane state V (t) to the synaptic input Gs (t) in equation 2.2, these COBA neuronal models are more difficult
to solve analytically, and numerical methods remain the standard technique for dealing with such biophysically more realistic dynamics. Various
studies in the past focused on incorporating this time-dependent or statedependent aspect of neuronal membranes. As the membrane conductance
is inversely linked to the membrane time constant, a straightforward generalization of the classic leaky IF neuronal model can be obtained by using a
spike-time dependent membrane time constant (Wehmeier, Dong, Koch, &
van Essen, 1989; LeMasson, Marder, & Abbott, 1993; Stevens & Zador, 1998a;
Giugliano, Bove, & Grattarola, 1999; Jolivet, Lewis, & Gerstner, 2004). The
most prominent model in this direction is the spike response model (Gerstner & van Hemmen, 1992, 1993; Gerstner, Ritz, & van Hemmen, 1993;
Gerstner & Kistler, 2002). Here, the membrane conductance is increased
right after a postsynaptic spike as a result of the contribution of ion channels linked to spike generation, thus resulting in a transient reduction of the
membrane time constant. This reduction shapes the amplitude and form
of subsequent postsynaptic potentials (for experimental studies showing
a dependence of the PSP shape on intrinsic membrane conductances, see
Nicoll, Larkman, & Blakemore, 1993; Stuart & Spruston, 1998) and makes
the response of the membrane to subsequent synaptic inputs dependent on
the history of the cellular activity.
Although the latter can be viewed as a direct consequence of the presynaptic activity, the mathematical model of the spike response model does
not include synaptic conductances explicitly and considers the membrane
time constant solely as a function of the time since the last postsynaptic
spike and, thus, the postsynaptic activity. In contrast, other studies focused
on describing the postsynaptic membrane dynamics on an analytical level
as a function of synaptic inputs, thus explicitly in terms of the presynaptic
activity. Although both synaptic (hence, directly presynaptic activity determined) and spike-generating (hence, directly postsynaptic activity determined) conductance contributions can be considered within a similar
mathematical framework, our study focuses solely on synaptic conductances and their impact on neural dynamics.
In a recent contribution, the full passive membrane equation with both
inhibitory and excitatory synaptic conductances described by exponential
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transients was solved in terms of incomplete gamma integrals, for which
numerical libraries for fast numerical computation are available. Moreover, these libraries provide solutions that are superior in precision when
compared with numerical solutions of the differential equation using, for
instance, Euler or Runge-Kutta integration methods (Brette, 2006). We used
a similar approach in our previous paper (Rudolph & Destexhe, 2006), in
that the passive membrane equation with exponential synaptic conductances was solved analytically in terms of gamma functions. However, we
used this solution as the starting point for an analytical approximation,
which provided a mathematically simple and reasonably exact expression
for the membrane potential time course on arrival of synaptic inputs.
Specifically, inserting equation 2.2 and denoting with τms (t) = G C(t) the
s
synaptic contribution to the membrane time constant, the state equation 2.1
of the leaky IF neuron takes the form
τm (t)

dV (t)
+ (V (t) − Vrest (t)) = 0,
dt

(2.3)

where τm (t) denotes the total time-dependent membrane time constant due
to leak and synaptic conductances,
τm (t) =

τmL τms (t)
,
τmL + τms (t)

(2.4)

and Vrest (t) the time-dependent resting potential,
Vrest (t) =

VL τms (t) + Vs τmL
.
τmL + τms (t)

(2.5)

For reasonably simple synaptic conductance models, such as exponential
synapses, for which the change of the conductance and, hence, time constant
upon arrival of a synaptic input at time t0 is described by an instantaneous
change with constant amplitude τms ,
1
1
1
,
−→ s
+
τms (t0 )
τm (t0 ) τms

(2.6)

followed by an exponential decay with time constant τs ,
t−t
1
1
− τ0
s
=
e
τms (t)
τms (t0 )

for t ≥ t0 ,

(2.7)

equation 2.3 yields a closed-form solution in terms of incomplete gamma
functions (see appendix B.1 in Rudolph & Destexhe, 2006). The latter was
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then approximated (for details, see appendix B.2 in Rudolph & Destexhe,
2006), yielding a simple analytical expression for the transient changes of the
state variable in between two synaptic inputs as a function of the synaptic
conductance parameters and the actual state of the membrane.
The analytical form of the obtained approximation of the PSP allowed
a simple and efficient implementation in event-driven numerical models.
Upon arrival of a synaptic input at time t0 , the membrane potential and
membrane time constant are updated according to
V (t0 ) −→ V (t0 ) + V (τm (t0 ), V (t0 ))
1
1
1
1
1
1
= L + s
−→ L + s
+
,
τm (t0 )
τm
τm (t0 )
τm
τm (t0 ) τms

(2.8)

respectively. For t > t0 until the next synaptic input at time t1 , the membrane
time constant “decays” according to
t−t
1
1
1
− 0
= L + s
e τs
τm (t)
τm
τm (t0 )

for t0 ≤ t < t1 ,

(2.9)

whereas the state variable follows the time course given by

t−t 
t −t
τ 
− 0
V (t) =Vrest (t0 ) + (V (t0 ) −Vrest (t0 )) exp − L 0 − s s 1 − e τs .
τm
τm (t0 )
(2.10)
In equation 2.8, V (τm (t0 ), V (t0 )) denotes the (instantaneous) change in
the state variable upon arrival of a synaptic input. In its most general form (as used in the gIF3 model), this change will depend on both
the actual membrane time constant τm (t0 ), thus describing the scaling of
the PSP amplitude as a function of the total membrane conductance, and
the actual state of the membrane V (t0 ), thus describing the effects of the
synaptic reversal potentials on the amplitude of the PSP.
In a series of numerical simulations, we exposed this newly derived gIF
model to a variety of synaptic activities and evaluated their spiking responses in comparison with those obtained from numerical solutions of the
passive membrane equation, the leaky IF model and a biophysically more
realistic neuron model incorporating the Hodgkin-Huxley spike-generating
mechanism. It was shown (see Rudolph & Destexhe, 2006) that at least
the gIF3 model yields responses that reproduce with acceptable accuracy
in physiologically relevant parameter regimes the spontaneous discharge
statistics, the temporal precision in resolving synaptic inputs, and gain
modulating behavior under in vivo–like synaptic bombardment seen in
more realistic neuronal models. At the same time, the gIF models remained
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several orders of magnitude more efficient to simulate. It was argued that
this marked gain in a more realistic biophysical dynamics, faithfully capturing crucial aspects of high-conductance states in vivo, combined with
only a minor decrease in computational performance when compared to
classical CUBA IF models, justified the use of the gIF neuron models as
a useful tool for efficient and precise simulations of large-scale neuronal
networks with realistic, conductance-based synaptic interactions.
The gIF neuron model was conceived as an approximation of the classical
leaky IF neuron model (the passive membrane equation) with COBA synaptic inputs. Neither active membrane conductances, such as those considered
in the spike response model (Gerstner & van Hemmen, 1992, 1993; Gerstner
et al., 1993; Gerstner & Kistler, 2002), nor simplifications of spike generation mechanism (e.g., based on Hodgkin-Huxley kinetic models; Hodgkin &
Huxley, 1952), such as those considered in the various instances of nonlinear
IF neuron models (Abbott & van Vreeswijk, 1993; Fourcaud-Trocmé, Hansel,
van Vreeswijk, & Brunel, 2003; for a general review, see Gerstner & Kistler,
2002), were incorporated into the gIF models. The proposed gIF models
are also different from mathematically more abstract models (Izhikevich,
2001, 2003) and will not capture intrinsic phenomena like bursting or spike
rate adaptation. Finally, the instantaneous update of the membrane state
variable on arrival of a synaptic input abstracts from a more realistic shape
of the membrane potential following synaptic stimulation (for a model that
considers this aspect, see Kuhn, Aertsen, & Rotter, 2004). Therefore, various
aspects of neuronal dynamics, which depend on both the exact form of PSPs
or the presence of intrinsic state-dependent membrane currents contributing to spike generation or response adaptation, were not captured by the
gIF models proposed previously.
Although the original gIF neuron models, in particular the gIF3 model,
reproduced with great accuracy the response statistics to a variety of synaptic input models in physiologically relevant parameter regimes, great deviations are expected if the exact times of spikes or more precise temporal
aspects of the neuronal response are considered. The main reason for this
is the way these models incorporate the response to a synaptic input. As
shown in Figure 1, in the original gIF models, a synaptic input at t0 leads
to an instantaneous jump in the membrane potential (see Figure 1A, light
gray solid line) and, in the case the spiking threshold Vthres is crossed, to the
generation of a spike at the same time t0 . However, biophysically, the membrane generates a PSP transient in response to a synaptic input, which will
reach its peak sometime after the synaptic input occurred (see Figure 1A,
black dashed line). Thus, in this case, even if the synaptic input drives the
membrane above the threshold for spike generation, a spike in response to
this input might be delayed up to several milliseconds. This fact may have
crucial impact in situations that involve, or depend on, the precise timing
of spikes. Moreover, in high-conductance regimes with many thousands
of synaptic inputs impinging on the membrane each second, spike times
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gIF1-3
gIF4

t0

t0 t1 ts̀

ts
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Figure 1: Comparison of the integration of synaptic inputs in the gIF1 to gIF3
neuron models and the gIF4 model. (A) In the original gIF neuron models, a
synaptic input at t0 leads to an instantaneous jump in the membrane potential
(light gray solid line) and, in the case the spiking threshold Vthres is crossed, to
the generation of a spike at t0 . The gIF4 neuron model takes the time course
of the PSP into account (black dashed), hence incorporates the biophysically
more realistic situation that a spike can be emitted at some time ts > t0 after
the synaptic input. (B) Whereas in the gIF1 to gIF3 neuron models a synaptic
input arriving at some time t1 shortly after a synaptic input at t0 will not change
the generation of a spike at t0 (light gray solid line), the gIF4 neuron model
requires the adjustment of the (future) spike time whenever a synaptic input
is received close to the spiking threshold. In the illustrative example shown,
an excitatory synaptic input at t1 before the originally predicted spike time at
ts will lead to an earlier crossing of the spiking threshold (black dashed line).
Similarly, an inhibitory synaptic input may lead to the cancellation of a future
spike predicted in response to an excitatory synaptic input at t0 (not shown).
(Panels A and B are taken from Rudolph & Destexhe, 2006, Fig. 12.)

might be shifted (see Figure 1B) or spikes even be suppressed by the arrival
of excitatory and inhibitory synaptic inputs shortly after t0 .
In the following section, we introduce the gIF4 neuron model, which
takes the time course of the PSP into account (see Figure 1, black dashed
line) and hence incorporates the biophysically more realistic situation that
a spike can be emitted at some time ts > t0 after the synaptic input. As
we will demonstrate, the obtained approximation describes excitatory and
inhibitory postsynaptic potentials to an excellent degree, while the mathematical form of this approximation is sufficiently simple to allow an efficient
implementation of the resulting model in the framework of the event-driven
simulation strategy.

2.2 The gIF4 Neuron Model. The exact solution of the passive membrane equation (see equation 2.3) after arrival of a synaptic input with
exponential synaptic time course (see equation 2.7) at time t0 for t ≥ t0 and
the boundary condition V (t)|t→t = V0 is given by (for details, see appendix
0
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B.2 in Rudolph & Destexhe, 2006)

t−t 
t −t
τ
− 0
V (t) = exp − L 0 + s s e τs
τm
τm (t0 )



τ
τ
t−t 
t − t0
τs
− τ s (ts )
− τ s (ts )
− τ0
m
0
m
0
× V0 e
− Vs e
− exp
− s
e s
τmL
τm (t0 )


t−t
τ
τ
τ
− 0
− − Ls , s s e τs , s s
τm τm (t0 )
τm (t0 )



τs
s
τm (t0 )

 τLs
τ

m

τs
(V − VL ) ,
τmL s
(2.11)

b

where [z, a, b] = a dt t z−1 e−t denotes the generalized incomplete gamma
function. Instead of estimating the PSP peak height (or maximum) from this
solution for use as an instantaneous update (or “jump”) of the membrane
potential on arrival of a synaptic input, for the gIF4 model we will approximate equation 2.11 and the transient changes of the membrane potential
resulting from the arrival of a synaptic input.
With the definition of the gamma function, equation 2.11 is equivalent to

t−t 
t −t
τ
− 0
V (t) = exp − L 0 + s s e τs
τm
τm (t0 )
τ

× V0 e

V
+ LL
τm

− τ s (ts

t

t0

m 0

)

+

Vs
τms (t0 )

t

ds exp
t0


s−t 
s − t0
s − t0
τs
− τ0
s
−
−
e
τmL
τs
τms (t0 )



s−t
s − t0
τs
− τ0
s
ds exp
−
e
τmL
τms (t0 )


.

(2.12)

In order to arrive at a valid approximation of equation 2.12, we first restrict
to the special case VL = 0, an assumptiont−tthat we will relax below. The
−

two appearing exponentials of the form e
power series up to first order in t − t0 :
e

−

t−t
0
τ
s

=1−

t − t0
+ O[(t − t0 )2 ].
τs

τ

0

s

can then be expanded into a

(2.13)

This approximation is justified by the fact that solution 2.12 is valid for
times t0 ≤ t ≤ t1 in between two synaptic inputs at times t0 and t1 . As we
strive for a simple neuronal model applicable in physiologically reasonable
parameter regimes, the synaptic time constant τs can be assumed to be of
the order of several milliseconds. On the other hand, the high-conductance
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state in the mammalian cortex is characterized by tens of thousand synaptic
inputs impinging on a neuron each second (Destexhe, Rudolph, & Paré,
2003), thus rendering the time between two successive synaptic inputs
small in comparison to the synaptic time constant: 0 ≤ (t − t0 )  τs . With
this, equation 2.12 takes the simple form




Vs
τms (t0 )



 
−(t−t0 ) 1L + τ s 1(t )
1
1
1 −1 − t−tτ 0
τ
m 0
s − e
m
+
×
.
−
e
τmL
τms (t0 ) τs

V (t) = V0 e

−(t−t0 )

1
τL
m

+ τ s 1(t

m 0

)

+

(2.14)

A comparative numerical evaluation shows that equation 2.14 approximates to a high degree of precision the exact solution, equation 2.11, with
relative errors of less than 0.5% for several milliseconds after a synaptic
input (see Figure 2A). To relax the latter condition and provide a solution
that is valid for arbitrary leak reversal potentials and offsets V0 of the state
variable, we introduce a scaling factor Q in the second term in equation
2.14, along with two additive constants A and B:
V (t) = A + (V0 + B) e

×

−(t−t0 )



1
1
1
+ s
−
τmL
τm (t0 ) τs

1
τL
m

+ τ s 1(t

m 0


)

+Q

Vs
τms (t0 )



−1  t−t
−(t−t0 ) 1L + τ s 1(t )
− 0
τ
m 0
m
.
e τs − e

(2.15)

Previously (see appendix B.3 in Rudolph & Destexhe, 2006), we showed
that the PSP amplitude in the presence of a reversal potential scales linearly
with the distance to the reversal. With an appropriate choice of the reference
state (or control state; see appendix B.3 in Rudolph & Destexhe, 2006), we
V −V
obtain Q = LV s . Moreover, the boundary conditions V (t)|t=t = V0 and
0
s
V (t)|t→∞ = VL (assuming no further synaptic input after t0 ) constrain the
additive constants A = −B = VL . Inserting these results back into equation
2.15 yields the membrane potential time course for t ≥ t0 the approximate
solution


−(t−t0 ) 1L + τ s 1(t )
V − VL
τ
m
0
m
V (t) = VL + (V0 − VL ) e
+ ss
τm (t0 )


 

−(t−t0 ) 1L + τ s 1(t )
1 −1 − t−tτ 0
1
1
τ
m
0
m
−
e s −e
+ s
×
.
(2.16)
τmL
τm (t0 ) τs
Equation 2.16, together with the rules for updating the membrane time
constant (see equations 2.8 and 2.9), forms the basis for the new gIF4 neuron model. With both excitatory and inhibitory synaptic inputs present,
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equation 2.16 can be generalized to
−(t−t0 )



1
τL
m

+ τ e 1(t ) + τ i

1
(t )
m 0



V (t) = VL + (V0 − VL ) e


V − VL
1
1
1
1 −1
+
+ ee
+
−
τm (t0 )
τmL
τme (t0 ) τmi (t0 ) τe


 − t−t0
−(t−t0 ) 1L + τ e 1(t ) + τ i 1(t ) 
τ
m 0
m 0
m
× e τe − e


1
1
1
1 −1
V − VL
+
+
−
+ ii
τm (t0 )
τmL
τme (t0 ) τmi (t0 ) τi


 − t−tτ 0
−(t−t0 ) 1L + τ e 1(t ) + τ i 1(t ) 
τ
m
0
m
0
m
× e i −e
,
m 0

(2.17)

with the update of the membrane time constants on arrival of an excitatory
or inhibitory synaptic input given by
1
1
1
1
+ e
=
+
,
τm (t) τmL
τm (t) τmi (t)
1
τm{e,i} (t0 )

−→

1
τm{e,i} (t)

=

1

+

τm{e,i} (t0 )
1

τm{e,i} (t0 )

1
τm{e,i}

t−t
0

−τ

e

{e,i}

.

,

(2.18)
(2.19)
(2.20)

Here, V{e,i} denote the synaptic reversal potentials and τ{e,i} the synaptic time
constants for excitation and inhibition, respectively.
The straightforward extension from one (see equation 2.16) to two synaptic (excitatory and inhibitory) conductances (see equation 2.17) can be justified by noting that two synaptic conductances will contribute two independent additive terms in the orignal membrane equation (see equation 2.3),
yielding two qualitatively identical contributions in the analytical solution
before approximation. The linear approximation of the gamma functions
in our approach ensures then the final form, equation 2.17, with additive
terms for each conductance. We will show by numerical evaluation that this
approach is justified and yields an accuracy close to the exact solution.
Although the model can be generalized to an arbitrary number of synaptic conductances, each with its own reversal potential and time constant, the
case of two synaptic input types with identical time constants is of special
interest. An exact analytical model of the COBA IAF neuron, introduced by
Brette (2006), focuses on the numerical evaluation of the gamma functions
appearing in the analytically exact solution of the membrane equation (see
equation 2.11). This approach thus replaces the numerical solution of the
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original differential equation (e.g., utilizing Runge-Kutta) by a numerical
approximation for which many precise (up to machine precision) and efficient methods are available. However, one requirement of this solution is
that the synaptic conductances possess equal time constants. In our model,
setting τi = τe = τs yields for equation 2.17 the simpler form:
−(t−t )(

1
L

+

e

1

+

i

1

)

τ (t )
τ (t )
0
τ
m 0
m 0
m
V (t) = VL + (V0 − VL ) e



Ve − VL Vi − VL
1
1
1
1 −1
+
+
+
+
−
τme (t0 )
τmi (t0 )
τmL
τme (t0 ) τmi (t0 ) τs

 − t−t0
−(t−t0 )( 1L + τ e 1(t ) + τ i 1(t ) ) 
τ
m 0
m 0
m
× e τs − e
.

(2.21)

Equation 2.21 compares to the solution introduced in Brette (2006) after
appropropriate approximation of the gamma functions.
To assess the validity of the gIF4 model (see equations 2.16 and 2.17),
we subjected the latter in various initial states to single synaptic inputs
and compared the time course of the resulting PSP with the corresponding
exact solution (see equation 2.11) evaluated numerically (for a description
of the simulation parameters, see appendix A). As shown in Figure 2, for
offset membrane potentials V0 ranging from the leak reversal VL to the
firing threshold Vthres , as well as for baseline (time-averaged) total membrane conductances ranging from a physiologically reasonable value of
about 17 nS typical for a resting membrane to less than 2 nS characteristic for high-conductance states observed in vivo, the gIF4 approximation
yields PSP transients nearly identical to the exact solution of the original
model 2.3 (in Figure 2A, compare the black and gray traces). A quantitative
evaluation of the relative error as a function of the time after the synaptic
input (see Figure 2B) shows that the deviation of the approximation from
the exact solution stays below 1% for up to 10 ms after the synaptic input.
For inhibitory inputs, the relative error remains even below 0.5% beyond
10 ms after the synaptic input (see Figure 2B, solid line), that is, for average
total input rates down to 100 Hz. We note that in high-conductance states,
typical input rates have values of 10,000 Hz or above; that is, the times in
between synaptic inputs will be less than 0.1 ms on average, in which case
the gIF4 model reproduces the PSP time course with a relative error of less
than 0.01% (see Figure 2B, inset).
To evaluate how faithful the spiking and subthreshold response of the
general gIF4 model (see equation 2.17) are reproduced (for a more detailed
evaluation of the spiking response, see section 3 below), we subjected the
model to a barrage of excitatory and inhibitory inputs. A representative result after simulating 10,000 seconds of neural activity is shown in Figure 2C.
Such a long time before evaluating the response was chosen to demonstrate
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that the gIF4 model, despite its approximative nature, does not accumulate errors, as it is typical for many time-grid constrained time-step-based
numerical integration algorithms. Both the subthreshold time course of
the membrane potential (see Figure 2C, bottom) and spiking response (see
Figure 2C, top; compare the gray and black traces) are reproduced with
high accuracy. However, a small offset (underestimation) of the membrane
potential as the result of the accumulation of the small error between the
approximate and numerical solution (see Figure 2B) was observed between
successive spike responses. As spikes are emitted from a random walk close
to threshold (in many cases, by a single excitatory input) and due to the high
input rates of excitation and inhibition, an excitatory input that leads to a
spike in the exact model might be interrupted by an inhibitory input, thus
cancelling the emission of a spike. This explains the omission of spikes (see
Figure 2C, top, solid triangles) or their delays (open triangles). These transient deviations, however, are reset after spike emission and are effectively
averaged out due to the high frequency of synaptic inputs. Moreover, slight
deviations can be counterbalanced on the model parameter level by a small
increase in the quantal conductance for synaptic inputs in the gIF4 model
(not shown). This fine-tuning, however, is very sensitive and depends on
the actual total input rate, so will change from model to model.
In summary, the gIF4 model given in equations 2.16 and 2.17 provides
an analytically simple yet highly accurate approximation of the PSP time
course in between the arrival of two successive synaptic inputs. However, its
use in event-based simulations requires the prediction of the spike threshold
crossing after arrival of an excitatory synaptic input. In the next section, we
present a further approximation of the gIF4 model, through which the
spike times can be obtained analytically with high accuracy and without
substantial impairment of the computational efficiency of the model.
2.3 The Estimation of Spike Time in the gIF4 Neuron Model. Among
the most challenging problems in event-driven simulation strategies, when
applied to more complex neuronal dynamics, is the prediction of future
spike times. Even in models simulating relevant physiological conditions, in
which the neuronal membrane will reside most of the time far from the spiking threshold, the precise estimation of spike events constitutes a major contribution to the computational load. Moreover, in most cases and even if the
underlying model is analytically solvable, the time of (future) spike events
can be obtained only using approximative methods, as such an estimation
usually requires inversion of the state equation of the considered system.
Both the computational load stemming from (numerical or analytical) inversion methods and the approximative nature of such methods will partially
limit the advantages of event-driven simulation frameworks, as the latter,
in their core conception, are built around state updates at precise times.
Recently a new approach was proposed (D’Haene et al., 2009; D’Haene
& Schrauwen, 2010) that introduced several accelerating techniques for
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numerical root-finding algorithms, such as the commonly used NewtonRaphson algorithm. Although so far these optimizations have been applied
to CUBA models only, speed-ups of three orders of magnitude compared to
classical methods were reported. Moreover, these techniques scaled nicely
with the complexity of the underlying synaptic models and are general
enough to be applied to COBA neuronal models as well.
In this letter, however, we follow a different approach. In order to derive a simple and algorithmically efficient expression that allows predicting
future spikes in the gIF4 model, we proceed in two steps. First, as spikes
will occur only after the arrival of an excitatory synaptic input, we deduce the height or maximum of the EPSP peak in the gIF4 model. In the
computational implementation of the gIF4 model, this height will then be
used to check for potential threshold crossings. Once a potential threshold
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crossing is detected, its time and, thus, the future spike time, is calculated.
As the estimation of the spike time is computationally more demanding,
this strategy will limit the reduction in efficiency in simulations of the gIF4
model.
From equation 2.16, we find that the EPSP maximum after arrival of an
excitatory synaptic input at time t0 is reached after


max
tEPSP
− t0 =


1
1
1 −1
+
−
τmL
τme
τe
⎡


⎤

1
1
+ τ e (V0 − VL ) τ1L − τ1 + (V0 − Ve ) τ1 e
τmL
m
m ⎦
e
m
× log ⎣
(VL − Ve ) τ1 e τ1
m

e

(2.22)
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1
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L
e
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Figure 2: Evaluation of the gIF4 model. (A) Comparison of excitatory (top) and
inhibitory (bottom) postsynaptic potentials (PSPs) in the gIF4 model (black solid
lines; see equation 2.16) and the exact solution of the original differential equation, 2.11 (see gray solid lines). Traces are shown for different offset membrane
potentials V0 , ranging from the leak reversal VL to the firing threshold Vthres , as
well as for three different total membrane conductances expressed in terms of
multiples of the leak membrane time constant, τmL = 22.12 ms. Model parameters
for the simulations are identical to those used in Rudolph and Destexhe (2006)
and are given in appendix A. (B) Relative error (V (t) − VgIF4 (t))/(V (t) − Vthres )
between the exact solution of the PSP time course in the leaky IF model (V (t),
equation 2.3) and the gIF4 model (VgIF4 (t)) at firing threshold as a function of
time after excitatory (dashed) and inhibitory (solid) synaptic inputs. Results are
shown for the three total membrane conductances used in panel A. In all cases,
the error was smaller than 1% for times covering the PSP peak (gray area; see inset). (C) Example of a membrane potential time course resulting from a barrage
of synaptic inputs. The piecewise exact solution of equation 2.3 (gray) given in
equation 2.11 is compared with the gIF4 model (black) for an identical synaptic
input pattern (total input rate of about 10 kHz) 10,000 seconds after start of the
corresponding simulation. Both the subthreshold dynamics (bottom) and spiking response (top) are reproduced with high precision, although occasionally
spikes are omitted (solid triangles) or slightly delayed (open triangles).
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The relative error in the estimation of the EPSP peak amplitude of the
gIF4 model (see equation 2.23) compared to the peak amplitude obtained
from the numerical solution of the passive membrane equation is shown in
Figure 3A. For biophysically reasonable values of the quantal conductance,
expressed in terms of the associated quantal synaptic time constant τme
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(see appendix A), this error remains small (1%) even in low-conductance
states, that is, for total membrane conductances corresponding to τmL =
22.12 ms.
Once a potential threshold crossing is predicted, by comparing the actual
distance to the spiking threshold just before the arrival of an excitatory
max
synaptic input and VEPSP
, the time of threshold crossing is calculated. To
that end, we approximate the rising phase of the EPSP in the gIF4 model by
an exponential (see Figure 3B). This yields
exp

VEPSP (t − t0 ) = V0 −

1
T



V0 − VL V0 − Ve
+
τmL
τme






1 − e−T(t−t0 ) ,

(2.24)

max
Figure 3: EPSP approximation of the gIF4 model. (A) Relative error (VEPSP
−
max(gIF4)
max
VEPSP
)/VEPSP
of the EPSP peak amplitude in the gIF4 model (see equation
max
obtained numerically from
2.23) compared to the EPSP peak amplitude VEPSP
the exact solution of the passive membrane equation (see equation 2.11). The
error is shown as a function of the total membrane conductance (in fractions
of the leak membrane time constant τmL = 22.12 ms) and the quantal excitatory synaptic time constant τme . For biophysically realistic parameters (see
the dotted area) ×τme ≈ 1 and ×τmL ≈ 0.2, the relative error stays far below
1%. (B) Characteristic EPSP time course in low-conductance (total membrane
conductance corresponding to τmL = 22.12 ms; top) and high-conductance (τmL =
2.212 ms; bottom) states. The exact solution of the membrane equation (gray
solid), the gIF4 model (black dashed line) and its exponential fit (black solid)
are shown. The exponential fit is used to predict the spike time after a synaptic
input. A response can occur only during the rising phase of the EPSP (the gray
area), in which case the error of the predicted spike times between the numerical solution of the passive membrane equation and the exponential fitted gIF4
model remains comparably small. (C) Relative error of EPSP time course of the
exponential fit of the gIF4 model compared to the exact solution of the passive
membrane equation (see 2.11) as a function of the total membrane conductance
(in fractions of the leak membrane time constant τmL , see panel A). The black
max
; hence
dashed line indicates the time of the maximum EPSP amplitude, tEPSP
max
are relevant for the implementation of the
only times t − t0 smaller than tEPSP
gIF4 model (bottom). For high-conductance states with total synaptic input
rates far above 500 Hz (corresponding to average times t − t0  2 ms), the error
made by exponentially fitting the rising phase of the EPSP remains far below
2%, thus allowing an efficient estimation of the spike time. (D) Absolute error in
(exp)
the prediction of the spike time tspike − tspike as a function of the total membrane
conductance (in fractions of the leak membrane time constant τmL = 22.12 ms)
and the distance to threshold. tspike was obtained by numerically evaluating the
time of threshold crossing in the exact solution (see equation 2.11). In highconductance states with synaptic inputs rates far above 500 Hz, the distance to
threshold for which a potential response has to be calculated is much smaller
than the height of an EPSP, resulting in effective errors in predicting the spike
time of 0.01 ms or less.
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where
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Although the error made by this approximation increases rapidly after the
synaptic input (see Figure 3C, top), it remains below 5% for up to 2 ms
after the input (corresponding to average input rates above 500 Hz), and
approaches zero if high-conductance states with realistic total input rates
above 10 kHz are considered.
With equation 2.24, it is now possible to estimate the potential spike time
in response to a threshold-crossing excitatory synaptic input. Assuming a
fixed threshold Vthresh , we obtain
tspike = −



(Vthres − V0 )τmL τme
1
log 1 + T
T
(V0 − VL )τme + (V0 − Ve )τmL

(2.25)

for the future spike time. The closer the membrane potential before the arrival of the synaptic input (V0 ) resides to the threshold Vthres , the smaller is
the error in the predicted response time. In high-conductance states with a
high average input rate, V0 will be very close to the threshold, resulting in
spike time prediction errors of less than 0.01 ms (see Figure 3D). However,
this relatively small error is somewhat misleading as the gIF4 model (see
equation 2.17) provides only an approximation of the true membrane state
time course in response to a synaptic bombardment. Thus, it is expected
that small numerical errors will accumulate and yield a membrane state
time course that will increasingly deviate from its true course and, hence,
lead to a deviation of the spiking response due to the approximation of
the subthreshold behavior. However, as we show in section 3, these deviations remain small if low-order statistical measures of the response are
considered, and they even remain negligible at the statistical level in
inherently noisy neural systems in which spike timing plays an important
role.
2.4 An Event-Driven Implementation of the gIF4 Neuron Model. Before evaluating the response of the gIF4 neuron model in comparison
with the numerical solution of the original passive membrane equation
with conductance-based synaptic interactions, we present in this section
a basic event-driven implementation of the proposed model. In Rudolph
and Destexhe (2006), we briefly outlined the advantages and disadvantages of event-driven simulation strategies over the still most widely used
clock-driven frameworks (for more details, see also Brette, 2006; Brette et al.,
2007). In its most efficient implementation, an event-driven simulation strategy makes use of an analytic form of the state equations describing the
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evolution of the membrane state variables in between the arrival of synaptic inputs. This way, the sole knowledge of the membrane state at the last
synaptic event, along with the time difference, is sufficient to calculate and
update the state variables at the arrival time of a new synaptic input. This
allows the neural simulation to “jump” from event to event rather than to
evaluate the membrane state variables on a fixed temporal grid, as used in
synchronous or clock-driven simulation strategies, thus rendering the computational efficiency of event-driven strategies dependent on the activity in
the model itself.
The proposed gIF4 model is analytically closed (see equations 2.16 and
2.17) and, hence, allows an efficient implementation within the event-driven
context in a similar fashion as that used for the previous gIF models (see
section 4 in Rudolph & Destexhe, 2006). However, as in the previous
gIF models, the gIF4 model will not provide an exact (up to the chosen
machine precision) solution, in contrast to the general advantage of eventdriven simulation strategies. Although spike times are computed analytically (see equation 2.25) and utilized at machine precision, the approximative nature of the gIF4 model will inherently diminish the precision of the
simulation.
Moreover, due to the delay between synaptic input and potential response, the treatment of response spikes requires more care than in the
previous models. Here we present a basic incorporation of the gIF4 model
into the NEURON simulation environment (Hines & Carnevale, 1997, 2004).
(Models are available online at http://cns.iaf.cnrs-gif.fr/. ) In the proposed
implementation, the following steps are executed on the arrival of a new
synaptic event at time t1 after a preceding input at time t0 :
Step 1. At the arrival of a synaptic event, independent of the current state
of the membrane, the actual membrane time constant τm (t1 ) and its
synaptic contributions τm{e,i} (t1 ) are calculated using equation 2.18,
with the values of the synaptic contributions to the membrane time
constant τm{e,i} (t1 ) (see equation 2.20) and values for τm{e,i} (t0 ) after the
previous synaptic event at time t0 .
Step 2. If the neuron is not in its refractory period, the state variable V (t1 )
is calculated using equation 2.17, in which t0 denotes the time of the
previous synaptic event, V (t0 ) is the membrane state, and τm{e,i} (t0 )
are the excitatory and inhibitory synaptic contribution to the total
membrane time constant at time t0 . If the neuron is in the refractory
period, then V (t1 ) = Vrest , and the model waits for next synaptic input
(step 1).
Step 3. For excitatatory synaptic input, the maximum EPSP amplitude is
max
calculated (see equation 2.23). If V0 + VEPSP
> Vthres , the spike time is
predicted (step 4). Otherwise the model waits for the next synaptic
input (step 1). For inhibitory synaptic input, the model waits for the
next synaptic input (step 1).
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Step 4. The spike time is calculated according to equation 2.25. If a spike
in response to the synaptic input at t0 was already calculated, replace
the predicted spike time with the newly calculated one.
If the predicted spike time tspike < t1 , a spike is generated and the cell
enters an absolute refractory period after which the state variable is reset to
its resting value Vrest . The spike event is added to an internal event list and
causes, after a transmission delay, a synaptic event in target neurons.
3 Response Dynamics of the gIF4 Model
In this section, we briefly compare the spiking response dynamics of the
gIF4 model to that of the passive membrane equation with exponential
COBA synapses and fixed spike threshold solved numerically. To allow
comparison with the previous gIF models, we used the same tests as in the
original study (Rudolph & Destexhe, 2006). In the following section, we first
characterize the statistics of spontaneous discharge activity. In section 3.2,
we study the temporal resolution of synaptic inputs in the different models. Finally, in section 3.3 we investigate the modulatory effect of synaptic
inputs on the cellular gain. Computational models and model parameters
are outlined in appendix A.
3.1 Spontaneous Discharge Statistics. A spontaneous discharge in the
investigated models was evoked by Poisson-distributed random release at
single independent synaptic input channels for excitation and inhibition
with stationary rates covering a physiologically relevant parameter regime
(see appendix A). Total input rates ranged from νi = 0 to 30 kHz for inhibition and νe = 0 to 100 kHz for excitation.
As expected, the cell’s output rate νout increased with increasing νe and
reached beyond 300 Hz for an extreme excitatory drive (see Figure 4A).
Moreover, in the investigated input parameter regime, a nearly linear relationship between excitatory and inhibitory synaptic release rates was
observed. Although the gIF4 model and the numerical simulation of the
passive membrane equation exhibited nearly identical qualitiative and
quantitative behaviors, the slope of the equi-νout lines was slightly higher
for the gIF4 model, suggesting a stronger dependency on the excitatory
drive of the approximated analytical solution. The reason for this behavior can be found in the fact that the PSP time course in the gIF4 model
slightly deviates from that of the full numerical solution (see Figure 2B). This
error accumulates for each PSP and, hence, increases with increasing input
rate. As the excitatory rate was about three times larger than the inhibitory
drive, a stronger dependency of the output rate on the excitatory drive is
expected.
The quality of the gIF4 approximation was further probed by evaluating
the coefficient of variation CV in the investigated parameter regime. The CV
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Figure 4: Spontaneous discharge rate (A) and coefficient of variation CV (B) as
a function of the total frequency of inhibitory and excitatory synaptic inputs.
The gIF4 model (left) is compared with the numerical solution of the passive
membrane equation (PME; right). The CV is defined as CV = σISI /ISI, where σISI
denotes the standard deviation of the interspike intervals and ISI the mean
interspike interval. The input for both models consisted of two independent
input channels for excitation and inhibition releasing at rates between 0 and
100 kHz (for excitation) and 0 and 30 kHz (for inhibition). The parameters of
synaptic kinetics and the time course of synaptic conductances are given in
appendix A.

is defined by
CV =

σISI
ISI

,

(3.1)

where σISI denotes the standard deviation of the interspike intervals (ISIs)
and ISI the mean ISI. For both models, a qualitiatively and quantitatively
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similar behavior was found (see Figure 4B), with slight differences in the
slope of equi-CV lines explainable by differences in the firing rate as a
function of the excitatory and inhibitory input rates (see Figure 4A). In the
investigated parameter regime, CV values reaching up to 1.2 were observed.
In general, higher firing rates led to a more regular discharge (i.e., smaller
CV values), with only a narrow band with intermediate firing rates and balanced excitation and inhibition displaying higher coefficients of variations.
Finally, in order to test whether the high irregularity in the spontaneous
discharge stems from a Poisson process (Smith & Smith, 1965; Noda, Adey,
1970; Burns & Webb, 1976; Softky & Koch, 1993; Stevens & Zador, 1998b),
we investigated the distribution and autocorrelation of interspike intervals
(ISIs). In input regimes yielding high irregularity (CV around 1) at physiologically relevant firing rates for in vivo activity (around 10 to 20 Hz;
see Evarts, 1964; Steriade & McCarley, 1990), we found that ISI histograms
showed pronounced peaks at small ISIs and were in general not fittable
with a gamma distribution (see Figure 5A), thus deviating from the distribution expected from a Poisson process. Moreover, in both models, the
autocorrelograms displayed small peaks at small lag times (see Figure 5B),
indicating that subsequent output spikes were not independent. These deviations from a spontaneous discharge that is both independent and Poisson
distributed indicate the limitations of a fixed threshold spike-generating
mechanism to reproduce realistic discharge statistics. However, both the
PME and gIF4 model showed remarkable agreement in their statistical behavior, suggesting that the approximation of the gIF4 model reproduces
with high precision the spontaneous discharge statistics observed in the
passive membrane equation with synaptic conductances and fixed spiking
threshold.
3.2 Temporal Resolution of Synaptic Inputs. In a second comparative
test of the behavior of the gIF4 model, we investigated the ability of the
model to resolve a periodic weak synaptic stimulation (coactivation of 10–
40 synapses), superimposed on an intense but fixed background activity.
The frequency of the periodic stimulus νstim was varied in successive trials
between 5 and 200 Hz, corresponding to interstimulus intervals Tstim ranging from 200 to 5 ms, respectively. This periodic stimulus appears in the
interspike interval histogram (ISIH) as peak at or close to the frequency of
the stimulus (see Figure 6A, inset and 6B). The latter can be used to define
the temporal resolution (Destexhe et al., 2003),
Temporal resolution =

Tstim
,
TISI

(3.2)

where Tstim denotes the period of the periodic stimulus and TISI the position
of the stimulus-induced peak in the ISIH. Due to limitations in the temporal
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Figure 5: Typical interspike interval histograms (ISIH; A) and autocorrelograms
(B) for the gIF4 model (left) and the numerical solution of the passive membrane
equation (PME; right). Synaptic input rates were chosen to yield comparable
output rates at high CV values (CV = 0.96 for PME and 0.91 for gIF4), and a fivefold decrease in input resistance compared to the quiescent case (see appendix
A). ISIHs were fitted with gamma distributions ρISI (T ) = q!1 ar(rT )q e−rT , where
ρISI (T ) denotes the probability for occurrence of ISIs of length T and r, a, and
q are parameters. Fitted parameters are q = 1, r = 0.042 ms−1 , a = 0.824 (PME)
and q = 1, r = 0.039 ms−1 , a = 0.879 (gIF4).

resolution capability of the membrane and the related low-pass filtering of
synaptic inputs, TISI will in general be larger than TISI , especially for highfrequency stimuli. Thus, equation 3.2 measures the “deviation” from the
ideal situation, for which the stimulus would lead to a sharp peak in the
ISIH at TISI = Tstim .
The results show that both models are able to resolve the periodic stimulus faithfully up to 100 Hz. Moreover, both models show a remarkably
similar response in both the output rate νout (see Figure 6A, left) and temporal resolution (right panel) up to a stimulation frequency of 100 Hz
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and for all investigated stimulus amplitudes. For higher frequencies, the
gIF4 model (see the solid curves in Figure 6A) yields lower rates and
an earlier loss of the temporal resolution (right panel) as a result of the
slight deviation of the PSP time course caused by its approximative nature
(see above).
The similarity of the response between the numerical model and its
analytic approximation can also be seen in the ISIHs (see Figure 6B). In the
investigated parameter regime, both models produced remarkably similar
ISIHs, suggesting that the gIF4 model faithfully reproduces the temporal
features of the full numerical solution of the passive membrane equation.

The gIF4 Method

1451

3.3 Gain Modulation. Finally, we tested both models’ ability to capture
the modulatory effect of synaptic background activity on the response gain.
To that end, we stimulated the cells periodically with 0 to 50 simultaneously
releasing excitatory synapses and modulated the synaptic background activity by scaling the frequency of excitatory and inhibitory inputs between
0.5 and 2.0 around a set of default values (see the caption to Figure 6). The
behavior was then characterized by the probability of emitting a spike as a
function of the given stimulus, which typically shows a sigmoidal shape. By
fitting the numerical results with a sigmoidal function (see Figure 7, inset),
we obtained the slope (“Slope” in Figure 7) and the stimulation amplitude
for which the response probability takes 50% (“Mid Amplitude” in Figure 7). Both measures were then used to characterize the gain modulatory
behavior of the investigated neuronal models.
The numerical model (PME) reproduced the behavior already seen in
the original study (Rudolph & Destexhe, 2006), with synaptic background
activity being efficient in modulating the cellular response, in particular the
response gain (see Figure 7, top right). As expected, the slope decreased
for increasing background activity, suggesting a more graded response for
higher background activity (see Figure 7, bottom right). The mid-amplitude
showed a minimum for intermediate background activity—the stimulation
amplitude required to yield a response was optimal in a limited regime of
nonvanishing background noise (see Figure 7, bottom left). This behavior
resembles closely that of the stochastic resonance phenomenon, in which a
dynamic system displays a more optimal response for intermediate noise
levels.
Figure 6: Temporal resolution of periodic synaptic inputs in the presence of
background activity. (A) Total output rate νout (left) and temporal resolution
(right; see the inset for definition) in models (PME: numerical solution of the
full membrane equation; gIF4: gIF4 model) driven by Poisson synaptic inputs
as well as periodic stimuli of frequency νstim between 5 Hz and 200 Hz and
amplitudes corresponding to the simultaneous activation of 10 to 40 synapses.
Both models show a remarkably similar qualitative and quantitative response,
in particular for stimulation rates below 100 Hz. Moreover, both models are able
to resolve the periodic stimulus faithfully up to 100 Hz (temporal resolution ∼
1; right panel). (B) Typical ISIHs for both models (PME: black solid line; gIF4:
gray shading) at different rates of the periodic stimulus νstim , for stimulation amplitudes of 10 (top) and 40 (bottom) synapses. The gIF4 model reproduces with
high accuracy the ISIHs of the numerical solution of the passive membrane
equation, while requiring a much lower computational load. Parameters: To
compare the behavior for similar output rates, the Poisson background activity
for both models was adjusted to yield the same output rate without additional
periodic stimulus. The corresponding Poisson frequencies were 27.25 kHz (excitation) and 9.6 kHz (inhibition) for the PME model and 28 kHz (excitation)
and 9.6 kHz (inhibition) for the gIF4 model. All other parameters were identical.
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Figure 7: Modulation of the neural response (gain modulation) through background activity. The response probability ρ(gstim ) as a function of the stimulation amplitude (inset top left; gray solid line) was fit with a sigmoidal function
(black solid line) ρ(gstim ) = (1 − exp(−agstim ))/(1 + b exp(−agstim )), where a and
b are free parameters and gstim denotes the stimulation amplitude. From these
fits, the stimulation amplitude (number of simultaneously releasing excitatory
synapses) yielding a probability of 50% (“Mid Amplitude”) and the slope were
estimated and plotted against each other for different levels of synaptic background activity (top right) and as functions of the synaptic background activity
(bottom) for the numerical solution of the passive membrane equation (gray
solid line) and its analytical gIF4 approximation (black solid line). In both cases,
the synaptic background activity was changed by applying a common scaling
factor (“SBA Scaling”), ranging from 0.5 to 2.0, to the frequency of excitatory
and inhibitory synaptic inputs given Figure 6. The number of simultaneously
releasing excitatory synapses ranged from 0 to 50.

Most importantly, the analytical approximation (gIF4) showed a behavior that very closely matched that of the full numerical solution of the
passive membrane equation. Differences were observed only at higher background activity levels, at which the small error in the analytic approximation
accumulates more strongly.
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3.4 Performance Evaluation. The analytically closed form of the gIF4
model is expected to be advantageous for the computational load when
compared to the numerical solution of the original passive membrane equation. In order to investigate this issue in more detail, we analyzed the performance of both models with respect to numerical precision and the resulting
computational load.
To that end, we first simulated neural activity for identical synaptic input
drive and evaluated the superthreshold and subthreshold response after
a sufficiently long period of simulated activity. Typical traces are shown
in Figures 8A and 8C. The numerical solution of the passive membrane
equation (see “PME,” Figure 8A) using the classical fourth order RungeKutta method at various integration time constants ranging from dt = 0.5 ms
to 0.0001 ms yields a numerically converging activity pattern for decreasing
integration time constants dt, hence increasing precision of the numerical
integrator. The membrane potential time course was found to be practically
identical for dt below 0.01 ms (see Figure 8C), and spikes were emitted at
times that varied with the order of the used fixed integration time step.
Defining the resulting spike pattern obtained for the highest investigated
temporal resolution (see “PME” 0.0001 ms, Figure 8A) as the “expected
solution,” we observed a qualitative and quantitative change for integration
time constants above 0.01 ms. Not just deviated individual spike times
from the expected solution, but above dt ≈ 0.1 ms, significant deviations
in lowest-order spike statistics (such as the average rate) were observed.
In contrast, the event-driven simulation of the gIF4 model displayed a
suprathreshold (see “gIF4,” Figure 8A) and subthreshold behavior (see
Figure 8A) which matched to a high degree of numerical accuracy the
expected solution. We note, however, that the fourth-order Runge-Kutta
method can also be applied in an event-driven framework by numerically
solving the differential equation only at times of arriving synaptic inputs. In
this case, the solution is expected to converge directly to the true value, with
a numerical precision that will likely be superior to that of the approximated
gIF4 model (not shown).
To evaluate the computational load accompanying the numerical simulation, we next recorded the time needed to simulate 1000 s of neural activity.
To allow comparison with the gIF1 to three models, we followed the same
strategy for performance evaluation as introduced in our previous study
(Rudolph & Destexhe, 2006). All models were implemented in the NEURON simulation environment (Hines & Carnevale, 1997, 2004), running
on the same hardware platform (a 3 GHz Dell Precision 350 workstation).
Synaptic inputs were chosen to be Poisson distributed with a rate between
4 and 80 kHz for the excitatory and between 1 and 20 kHz for the inhibitory
channel. Both rates were varied proportionally, such that the total average
rate took values between 5 and 100 kHz. As shown in Rudolph and Destexhe (2006), the performance ratio was found to be mostly independent of
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the total synaptic input rate (see Figure 11C in Rudolph & Destexhe, 2006)
in the investigated parameter regime, thus expressing the relative computational load in terms of a single number. Finally, synaptic and cellular
properties for both models were adjusted to give similar output rates (see
the caption to Figure 6).
As the analytical form of the gIF4 model is very similar to that of the
previous gIF1 to gIF3 models, a similar performance concerning computational load is expected. Indeed, the gIF4 model performed only slightly
slower than the gIF3 model (see Figure 8B), which is attributable to the fact
that in the former, the spike time has to be calculated in case the membrane
is close to the spiking threshold. However, despite this slight decrease
in computational efficiency, the NEURON implementation of the gIF4
model still remains at least four times faster than the numerical solution
of the original passive membrane equation when solved by numerical
integration with an integration time constant of 0.01 ms. As outlined above,
the latter must be viewed as an upper bound for the integration time
constant in order to achieve an acceptable degree of accuracy (compared
to the expected solution) when solving the passive membrane equation
with (classical) Runge-Kutta in a clock-driven framework. Finally, the
gIF4 model was found to be more than two orders of magnitude more
efficient than the full biophysical model with Hodgkin-Huxley spike
generation while at the same time displaying a dynamics comparable to
these biophysically more realistic models.
We note that the rather crude performance evaluation does not reflect
the potentially achievable performance gain of the gIF4 model. Preliminary
evaluations done within a customized simulation environment written in
ANSI C and optimized assembly routines showed that event-driven implementations of the classical IF can yield performance gains of more than
one order of magnitude compared to the NEURON implementation of the
same model or the clock-driven implementation of the passive membrane

Figure 8: Performance evaluation. (A) Typical examples of the membrane potential time course for identical synaptic drive (Poisson inputs with 28 kHz for
excitation and 9.6 kHz for inhibition and identical random seed) after 10,000
s simulated activity for the gIF4 model (top trace) and the passive membrane
equation (PME) solved numerically using classical the fourth-order RungeKutta method at different time resolutions between 0.0001 ms and 0.5 ms.
The gray bars indicate spikes occurring for PME at 0.0001 ms time resolution.
(B) Comparison between the performance, normalized to the clock-driven simulation of the leaky IF neuron model (PME: 1287 (0.0001 ms), 138.5 (0.001 ms),
15.65 (0.01 ms), 3.24 (0.1 ms), 1.52 (0.5 ms); gIF4, clock-driven: 3.72 ± 0.82,
event-driven: 3.93 ± 0.89). See the text for details. (C) Examples of subthreshold
activity for identical synaptic input drive (see panel A) for the gIF4 model and
the passive membrane equation (PME).
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equation (not shown). Moreover, the analytical form of the gIF4 model
is given in terms of exponential functions alone, for which most modern
computational hardware is optimized. Comparing the gIF4 model with the
model introduced by Brette (2006, 2007), which requires the numerical evaluation of gamma functions, the gIF4 models reach a performance gain of
at least one order of magnitude due to the computational load assigned to
the calculation of gamma functions. As the arguments of the exponential
functions in the gIF4 model are bound, an even more efficient implementation in terms of linear machine-precision lookup tables can be envisioned,
which was found to yield further performance gain in excess of three orders
of magnitude.
Finally, in our customized simulation environment, we found that only
about 2% of the total simulation time is used for updating the state variables (compared to more than 10% in NEURON), whereas the remaining
98% account for the generation of random numbers for synaptic inputs.
Replacing the random number generation by more optimized algorithms
or hardware-generated random numbers, a further performance improvement of at least a factor of 50 can be achieved, a factor that will also apply
to the presented gIF4 model. Thus, utilizing modern hardware and efficient implementation, the real-time simulation of medium-scale neuronal
networks of a few tens of thousands of neurons with biophysically more
realistic conductance-based synaptic interactions becomes possible on a
standard desktop computer.
4 Discussion
In Rudolph and Destexhe (2006), we proposed various models (the gIF1,
gIF2, and gIF3 models) of analytical IF neurons with conductance-based
synaptic dynamics. These models are based on an analytical approximation of the differential equation describing the IF neuron with exponential
synaptic conductances and were successfully tested with respect to their
response to random and oscillating inputs. The driving idea behind developing such simplified neuronal models by approximating the membrane
equation was to provide analytically solvable models for use in fast neuronal simulations using the event-driven simulation strategy.
Due to their simple mathematical structure, the gIF models are best
suited for fast event-driven simulation strategies. However, the approximations in the original gIF models were based on the assumption of an instantaneous rise and exponential decay of the postsynaptic potential (PSP).
This limitation might have an impact in situations where the exact timing of
pre- and postsynaptic events is of importance, such as in models of spiketiming-dependent plasticity. In this letter, we addressed this limitation by
conceiving an analytical approximation of the COBA IF neuron model with
the full PSP time course and an analytical prediction of the postsynaptic
response time.
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The subthreshold and suprathreshold response of this gIF4 model to various synaptic input paradigms reproduces remarkably well the corresponding responses of the passive membrane equation subjected to conductance
noise solved numerically, while gaining significant performance in comparison to the latter. Although the analytical structure of the gIF4 model
is more complex than that of the previously introduced models due to the
need to calculate future spike times, a simple and algorithmically efficient
implementation for use in large-scale neural simulations was proposed, together with a basic evaluation of the possibility of modeling medium-sized
networks in real-time.
The presented gIF4 model, as well the gIF models in our previous study
(Rudolph & Destexhe, 2006), should not be viewed as a model of an isolated single cells but rather as a building block of a large interconnected
neural network. Specifically, the proposed models cannot simulate artificially induced responses such as periodic firing following constant current
or conductance injection. Instead, as the update of the state variable is solely
triggered by the arrival of (excitatory) synaptic conductances, the proposed
models’ applicability focuses on their use in large-scale neural networks
with conductance-based synaptic interactions.
Future investigations and extensions of this new model will be made in
two directions. First, so far, no mechanism for adaptation, bursting, or a variable spiking threshold, which would reflect more precisely biophysical reality, has been introduced into the model. However, due to the fact that many
peculiarities of the biophysical cellular dynamics can be captured by extending the passive membrane equation with additive terms linear in their
dependence on the state variable, these extensions should remain a straightforward exercise. Second, and more important, the proposed model remains
to be evaluated in both efficiency and precision at the network level. To that
end, we are currently developing a high-performance neural simulation
environment (CYLon-1, CYDYNS Technologies, http://www.cydyns.com)
for simulating large-scale neural networks of hundreds of thousand neurons in real time using the event-driven framework. The most challenging
task for the future is to evaluate and understand in vivo–like neuronal dynamics in such large-scale systems, in particular with a view on the emergence of specific functional behaviors when endowed with self-organizing
capabilities.

Appendix: Computational Models and Methods
In this appendix, we briefly describe the IF model based on the passive
membrane equation and fixed threshold for spike generation (PME), and
summarize the parameters used for numerical simulations.
In what we refer to as the passive membrane equation with fixed
spike threshold (PME), membrane dynamics was simulated using a
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single-compartment neuron, described by the passive membrane equation
 1
dV (t)
1 
= − L V (t) − VL − Isyn (t).
dt
τm
C

(A.1)

Here, V (t) denotes the membrane potential, VL = −80 mV the leak reversal
potential, τmL = C/GL the membrane time constant, C = aCm the membrane
capacity (specific membrane capacity Cm = 1 μF cm−2 , membrane area a =
38,013 μm), and GL = agL the passive (leak) conductance (leak conductance
density gL = 0.0452 mS cm−2 , corresponding to a passive leak membrane
time constant of τmL = 22.12 ms). Spike generation was described by a fixed
voltage threshold (Vthres = −50 mV) and reset potential (Vrest = −80 mV).
The refractory period in all cases was tre f = 1 ms.
Simulations of 1000 s neural activity with a fixed temporal resolution
of 0.01 ms were performed using the NEURON simulation environment
(Hines & Carnevale, 1997), running on a 3 GHz Dell Precision 350 workstation under the SUSE 8.1 LINUX operating system. NEURON models are
made available online at http://cns.iaf.cnrs-gif.fr/.
The gIF4 neuronal model was solved using equation 2.17 with the same
cellular parameters.
Synaptic inputs were simulated by exponential conductance (or time
constant) changes with the following parameters: τme = 575.96 ms, τe = 2
ms for excitatory conductances, τmi = 601.3 ms, τi = 10 ms for inhibitory
conductances. Due to the additivity of synaptic inputs for this case, in
all models synaptic inputs were simulated by single independent input
channels for excitation and inhibition, with total rates of 0 ≤ νe ≤ 100 kHz
and 0 ≤ νi ≤ 30 kHz, respectively.
To evaluate the computational performance of the constructed models,
simulations utilizing the clock-driven simulation strategy (time resolution
0.01 ms), as well as the event-driven simulation strategy (Watts, 1994; Mattia & Del Giudice, 2000; Reutimann et al., 2003), were used. In all cases,
simulation of 1000 s neural activity were performed.
In some simulations, we used a novel, high-performance general graph simulation environment CYLon-1 (CYDYNS Technologies,
http://www.cydyns.com). This environment is optimized for, but not restricted to, event-driven simulation strategies and uses a software architecture that allows its use on a variety of hardware platforms (shared-memory
multicore CPU/GPU systems, distributed cluster systems). This program
is in beta development and will become available soon.
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