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Abstract. In cortical neurons, synaptic “noise” is caused by the nearly random release of thousands of synapses.
Few methods are presently available to analyze synaptic noise and deduce properties of the underlying synaptic
inputs. We focus here on the power spectral density (PSD) of several models of synaptic noise. We examine different
classes of analytically solvable kinetic models for synaptic currents, such as the “delta kinetic models,” which use
Dirac delta functions to represent the activation of the ion channel. We first show that, for this class of kinetic models,
one can obtain an analytic expression for the PSD of the total synaptic conductance and derive equivalent stochastic
models with only a few variables. This yields a method for constraining models of synaptic currents by analyzing
voltage-clamp recordings of synaptic noise. Second, we show that a similar approach can be followed for the PSD
of the the membrane potential (V,,) through an effective-leak approximation. Third, we show that this approach
is also valid for inputs distributed in dendrites. In this case, the frequency scaling of the V,, PSD is preserved,
suggesting that this approach may be applied to intracellular recordings of real neurons. In conclusion, using simple
mathematical tools, we show that V,, recordings can be used to constrain kinetic models of synaptic currents, as well
as to estimate equivalent stochastic models. This approach, therefore, provides a direct link between intracellular
recordings in vivo and the design of models consistent with the dynamics and spectral structure of synaptic noise.

Keywords: synaptic noise, computational models, power spectrum, cerebral cortex

Introduction

Because of the relatively high levels of activity of cor-
tical neurons in active states (1-20 Hz sustained fir-
ing; Evarts, 1964; Steriade, 1978; Matsumura et al.,
1988; Steriade et al., 2001), combined with their high
interconnectivity (Cragg, 1967; Szentagothai, 1965;
DeFelipe and Farifias, 1992; DeFelipe et al., 2002),
cortical neurons usually display intense synaptic back-
ground activity, also called “synaptic noise.” Synap-
tic noise can have a significant impact on the inte-
grative properties of cortical neurons, as suggested by
dynamic-clamp experiments and computational mod-
els (reviewed in Destexhe et al., 2003). However, be-
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cause of the highly complex nature of these membrane
potential (V,,) fluctuations, few methods are presently
available to analyze synaptic noise and deduce proper-
ties of the underlying synaptic inputs.

Different approaches have been used to model
synaptic noise. Biophysical models explicitly con-
sidered thousands of synapses that generate synap-
tic noise, in single-compartment neurons (Lansky and
Rodriguez, 1999; Tiesinga et al., 2000; Tuckwell et al.,
2002), as well as in models incorporating dendritic
morphology (Bernander et al., 1991; Rapp et al., 1992;
Destexhe and Paré, 1999; Rudolph and Destexhe,
2003a). Another approach is based on a “diffusion ap-
proximation” and consists of modeling synaptic noise
by a stochastic process in which noise is added to
the membrane (Johannesma, 1968; Ricciardi 1976;
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Hanson and Tuckwell, 1983; Lansky and Lanska, 1987;
Lansky and Rospars, 1995; Doiron et al., 2000; Brunel
et al., 2001; van Rossum, 2001). In order to account
for the high-conductance state induced by synaptic
noise, an intermediate approach was proposed and
modeled synaptic noise as arising from stochastic pro-
cesses applied to two conductances (excitatory and in-
hibitory), each described by a separate stochastic pro-
cess (Destexhe et al., 2001). This type of model can be
used in dynamic-clamp experiments, and recreates ac-
tive states in vitro (Destexhe et al., 2001; Chance et al.,
2002; Fellous et al., 2003; Prescott and De Koninck,
2003; Rudolph et al., 2004). Although this approach
can successfully reproduce the modulating features of
synaptic noise, there is presently no available method
to adjust this type of model to experimental data.

We focus here on different classes of analytically-
solvable kinetic models for synaptic currents, such as
the “delta kinetic models” which use Dirac delta func-
tions to represent the activation of the ion channel. This
approximation is justified by the fact that the bind-
ing of the transmitter occurs on a very fast time scale
compared to the state transitions and decay kinetics
of postsynaptic channels. The transmitter reaches rel-
atively high concentrations in the synaptic cleft, but
this increase of concentration is very brief (reviewed
in Clements, 1996). The opening of the channel is then
driven by this very fast event, while the closing time is
governed by the slower rate constants of the transitions
between open and closed states.

We show here that, under this approximation, the
kinetics of the channel is solvable exactly, even with
multiple states. In the case of postsynaptic channels,
delta kinetic models provide computationally efficient
algorithms to handle synaptic interactions (see also
Destexhe et al., 1994). In this case, the analytic solution
enables us to calculate exactly the power spectral den-
sity (PSD) of synaptic conductances, and under some
approximation, the PSD of the V,,, similar to previous
studies (Manwani and Koch, 1999). The goal of this
approach is to provide a link between experimentally-
observed PSDs of synaptic noise and the kinetics of the
underlying conductances, in order to build simplified
models that preserve their spectral structure.

Methods

We consider here models of synaptic noise and its
power spectral density (PSD), which were simulated
by three approaches. The simplest approach was to

simulate a single-compartment model including two
stochastic conductances (Destexhe et al., 2001). Differ-
ent models were used to simulate the stochastic con-
ductances, and these models are detailed below (see
Results). An intermediate approach was to simulate a
single-compartment model with a large number of in-
dividual synapses releasing randomly (Rudolph et al.,
2004). Finally, models based on three-dimensional re-
constructions of cortical neurons were used and were
taken from a previous study (Destexhe and Paré, 1999).
In the two latter cases, different kinetic models were
considered for synaptic conductances, and correspond
to different schemes of the activation of postsynap-
tic receptors (see details in Results). Finally, Fourier
transform were calculated numerically either from con-
ductances or from the voltage, using standard algo-
rithms (Press et al., 1986). All models and calculations
were done using the NEURON simulator (Hines and
Carnevale, 1997).

Results

We start by considering the simplest elementary kinetic
scheme for modeling synaptic conductances, then we
turn to more complex models in the following sections.
For each model, we derive the power spectral density
(PSD) of synaptic noise, as well as the best simplified
model matching this PSD. In the last section, we focus
on synaptic noise at the level of the membrane poten-
tial (V,,), and derive analytic approximations for its
PSD.

Two-State Kinetic Models and
“Exponential Synapses”

The simplest model of postsynaptic receptors consists
of a two-state scheme of the binding of transmitter (7°)
to the closed form of the channel (C), leading to its
open form (O):

o

c+r§0, (1)

where o and 8 are the forward and backward rate con-
stants, respectively. In most cases, these rate constants
are independent of voltage, although they are voltage-
dependent for some receptor types (e.g., NMDA recep-
tors). We will only consider voltage-independent rate
constants in the present study.
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The corresponding kinetic equation for this scheme
is:
dc
— =aT (1 —¢) — Be, 2
5, =T d—c)—fe 2
where c¢ is the fraction of channels in the open state.
The synaptic current is given by:

Isyn(t) = gmax () (V — Esyn)’ 3

where gmax 1S the maximal conductance of the synapse,
V is the membrane potential, and Ey, is the reversal
potential of the conductance. c(¢) denotes the fraction
of channels in the open state, such that gn.x c(¢) is the
synaptic conductance at time 7.

The release and clearance of transmitter are ex-
tremely fast phenomena compared to open/close chan-
nel kinetics, resulting in a very brief presence of trans-
mitter in the synaptic cleft (Clements, 1996). For the
sake of simplicity, we restrict here to a class of models
in which the transmitter time course is modeled as a
Dirac delta function §(¢ — ¢;) occurring at the times of
presynaptic spikes (¢;). Applying this to the two-state
scheme above yields the following kinetic equation:

dc

S =ed —C)Zﬁ(t—tj)—ﬂc, 4)

where the sum runs over all presynaptic spikes j.
This equation is solvable by Fourier or Laplace trans-
form. The Fourier transform of Eq. (4) reads:

ad; [1—c)] el
B+iw

Clw) = ; &)

where w = 2nf is the angular frequency, f is the
frequency, and C(w) is the Fourier transform of c(¢).
Assuming uncorrelated inputs, this expression leads to
the following power spectral density (PSD) for c:

a? Zj [1-— c(tj)]2

— 2 _
P(@) = IC@F = —=5—— ©)
as well as the explicit solution of c¢(¢):
ct) =a Z [1—c(t))] e P10, (7
J

Thus, the delta-pulse activation of the channels at
each time ¢; leads to an instantaneous rise of ¢, by
an amount depending on the state of ¢ at that time,
[1 — c(zj)], followed by an exponential decay at a rate

B. This summating behavior is illustrated in Fig. 1A,
where successive conductance increases depend on the
previous activation state of the receptor. This model,
therefore, implements saturating exponential synap-
tic currents because the amplitude of each exponent is
modulated by the state of the channel (term [1 —c(z;)]).

One particular case worth considering is when the
closed form C is always in excess compared to the
open form O, then all terms in (1 — ¢) =~ 1. The kinetic
equation becomes:

dc
Z =« Ej 8(t —t;) — Be, ®)
with the PSD for c:
Puw) = 2 ©
W)= —F—3,
ﬂz +w2

where A is the average rate of presynaptic spikes, and
the explicit solution is:

ct)=«a Z e P, (10
J

In this case, as illustrated in Fig. 1B, we have a sum-
mation of identical exponential waveforms, consisting
of an instantaneous rise of « at each time ¢;, followed
by an exponential decay. In contrast to the saturating
model (Fig. 1A), there is no dependence on the prior
activation state of the channel. This exponential synap-
tic current model is widely used to represent synaptic
interactions (Dayan and Abbott, 2001; Gerstner and
Kistler, 2002).

Equivalence with an Ornstein-Uhlenbeck Process
for Random Inputs

‘We now examine the case of exponential synapses sub-
mitted to a high-frequency train of random presynaptic
inputs. If the synaptic conductance time course is the
same for each event (e.g., nonsaturating exponential
synapse, Eq. (8) above), and if successive events are
triggered according to a Poisson-process, then the con-
ductance of the synapse can be described by a shot
noise process. In this case, for high enough presynap-
tic average frequency, it can be demonstrated that the
synaptic conductance g will approach a Gaussian dis-
tribution (Papoulis, 1991), which is characterized by its
mean go and standard deviation o,. These values are
given by using Campbell’s theorem (Campbell, 1909;
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Figure 1. Summating synaptic conductances in different models of fast glutamatergic currents. Following the same presynaptic pattern of spikes
(top), different models of postsynaptic glutamate (AMPA) receptors, activated by Dirac delta functions, are compared. A. 2-state kinetic model
with saturation (Eq. (4); o = 0.72 ms~!, B =021 ms™!, gnax = 1 nS). B. 2-state kinetic model without saturation (Eq. (8); same parameters
as in A). C. 3-state kinetic model with saturation (Egs. (18) and (19); « =0.72ms™', f = 0.1 ms™!, y = 1.155 ms~!, ¢ = 0.21 ms™!). D.
3-state kinetic model without saturation (Eqs. (25) and (26); same parameters as in C). In all cases, the numerical simulation of the differential
equations is superimposed to the explicit analytic solution of the same equations (the traces are indistinguishable). See text for details.

Papoulis, 1991): for a shot-noise process of rate A and
described by:

s(ty=)_ plt—1)), (11)
J

where p(t) is the time course of each event occurring at
time 7;, the average value sq and variance oy are given
by:

S0 = x/w ptydt, ol = ,\/oo prnyde.  (12)

o0 —00

Applying this theorem to the conductance of exponen-
tial synapses, we have:

o0 o0
/ g(t) dt = / gmaxaefﬁ'dm%,

o0 [ee]

which combined with Eq. (12) gives the following ex-
pressions for the mean and variance of the synaptic
conductance:

g() — )‘gmaxa 02 — )"gﬁmxaz .

B e T op 1
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Figure 2. Random synaptic inputs using two-state kinetic models. A. Synaptic conductance resulting from high-frequency random stimulation
of the nonsaturating exponential synapse model (Eq. (8); @ = 0.72 ms™!, 8 = 0.21 ms™!, gmax = 1 nS). Presynaptic inputs were Poisson-
distributed (average rate of A = 2000 s~!). The conductance time course (bottom; inset at higher magnification on top) shows the irregular
behavior resulting from these random inputs. B. Distribution of conductance. The histogram (gray) was computed from the model shown
in A (bin size of 0.15 nS). The conductance distribution is asymmetric, although well approximated by a Gaussian (black), with mean and
variance calculated from Campbell’s theorem (see Eqs. (12) and (13)). C. Power spectrum of the conductance. The power spectral density (PSD,
represented here in log-log scale) was calculated from the numerical simulations of the model in A (circles) and was compared to the theoretical
value of the PSD of an Ornstein-Uhlenbeck stochastic process (black; see text for details).

Thus, for a large number of synaptic inputs triggered
by a Poisson process, the mean and variance of the
conductance distribution can be estimated from Camp-
bell’s theorem. Figure 2 illustrates this behavior by sim-
ulating numerically an exponential synapse triggered
by a high-frequency Poisson process (Fig. 2A). The
distribution of the conductance is asymmetric (Fig. 2B,
histogram), although close to a Gaussian (Fig. 2B, con-
tinuous curve). This Gaussian curve was obtained us-
ing the mean and the variance estimated from Eq. (13),
which provide a good approximation of the conduc-
tance distribution.

We can compare this shot-noise process to the fol-
lowing Gaussian stochastic process:

d
8 — (g - g0/t +D x(1).

i (14)

where g = gmax¢, D is the amplitude of the stochastic
component,  (¢) is a normally-distributed (zero-mean)
noise source, and t is the time constant (t = 0 gives
white noise, T > 0 yields “colored” noise). This pro-
cess is similar to a well-known model of Brownian
motion (Uhlenbeck and Ornstein, 1930), and has been
used to model the stochastic variations of synaptic con-
ductances in vivo (Destexhe et al., 2001). It is also
Gaussian-distributed, with a mean value of gy and a
variance given by og2 = Dt/2.

To relate these two models, we use the expression of
the PSD of the Ornstein-Uhlenbeck process:

2D71?

Pelw) =1 0

s)

This Lorentzian form is equivalent to Eq. (9), from
which we can deduce that t = 1/8. The relation
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ng = Dt/2, combined with Eq. (13), gives the ex-
pression for the amplitude of the noise:

D =g> o’ (16)

Using these expressions, the predicted PSD matches
very well the numerical simulations of Poisson-
distributed synaptic currents described by 2-state ki-
netic models, as illustrated in Fig. 2C.

Thus, we can conclude that the model of nonsat-
urating exponential synaptic currents, Eq. (8) is very
well described by an Ornstein-Uhlenbeck process in
the case of a large number of random inputs. The de-
cay time of the synaptic current gives the “correlation
time” () of the noise, whereas the other parameters
of the Ornstein-Uhlenbeck process can be deduced di-
rectly from the parameters of the kinetic model of the
synaptic conductance.

Three-State Kinetic Models and
“Biexponential Synapses”

The equivalence presented above shows that modeling
synaptic “noise” by an Ornstein-Uhlenbeck process on
the conductances (as in Destexhe et al., 2001) implic-
itly assumes that all synaptic events are described by
identical, instantaneously rising and exponential de-
caying synaptic events. The possible influence of the
more complex form of synaptic currents is neglected
in this case. In order to evaluate the impact of such a
simplification, we consider now more complex models
of synaptic currents that include a finite rise time, such
as three-state models (see below), arbitrarily complex
Markov kinetic schemes (see Appendix 2), or pulse-
based kinetic models (see Appendix 3).

The following three-state kinetic scheme was intro-
duced for modeling postsynaptic receptors (Destexhe
et al., 1994):

aT
Co — Ci
B
\ ; (17)
€ Y
(0]

where Cy and C, are the closed forms of the recep-
tor, O is the open (conducting) form, and «, 8, y and
¢ are voltage-independent rate constants. Making the

following delta-pulse assumptions as above, the kinetic
equations for this system are:

d
d_j=a(1—c—r);a(t—tj)—(ﬂ+y)c, (18)
Z_:zyc_gr, (19)

where ¢ and r represent the fraction of receptors in
forms C; and O, respectively, and the sum runs over
all presynaptic spikes j. As for Eq. (4), this equation is
solvable by Fourier or Laplace transform. The Fourier
transform of c is similar to Eq. (6) above; (Eq. (18) is
almost identical to Eq. (4)), while the transform of r
reads:

ay
B+y+io)(e+iw)

x Z [1—ct))—rple™, (20)
J

R(w) =

from which we can deduce the PSD of r:

2y Y [ —cty) — r@))

Pr = R 2: k]
@) = R = T e + o]

2y
as well as its explicit solution:
ay
r(t) = ——— 1—c(t)) —r(
)= ;[ (1)) = r())]
X [e—s(l—fj) _ e_(ﬂ‘H/)([_tj)]. (22)

In this case, the delta-pulse activation of the chan-
nels at each time #; leads to a biexponential solution,
in which the conductance rises with a fast time con-
stant, equal to 7y = 1/(8 + y), and decays exponen-
tially with a time constant of 7, = 1/e. This biex-
ponential time course is modulated by the availabil-
ity of channels in the closed state at the time of each
spike, [1 — c(t;) — r(¢;)], as illustrated in Fig. 1C. This
model, therefore, implements saturating biexponential
synaptic currents and is a generalization of the expo-
nential synaptic mechanism examined in the previous
section.

Two cases are worth considering. First, let us con-
sider the case where the two time constants are equal
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(t1 = 72 = 7). In such a case, the transform of r reads:
Riw) = (1/:[+w)2 ; (1= ct)) = r())] e,
(23)
which explicit solution is:
) = ey 31— el) — e — 1) e
J (24)

Thus, in this case, the solution of the 3-state scheme
gives rise to a functional form similar to an alpha-
function, r exp(—t/t), with an additional mechanism
for saturation through the dependence on the availabil-
ity of closed channels (term [1 — c(z;) — 7(¢;)]). This
particular case with 7 = 1, can, therefore, be used to
model saturating alpha synaptic currents.

Another special case to consider is, as in the case of
the two-state kinetic model, when the closed form c is
always in excess compared to the other forms, then all
terms in (1 — ¢ — r) >~ 1. The kinetic equations then
become:

d

d—jzo{ZS(I—tj)—(,B‘FV)C, (25)
J

gzyc_m, (26)

which yields the following PSD for r:

Py() v @7
rlw) = ’
[(B+y)* +&?][e? + 0]
as well as the following explicit solution for r:
_ oy —e(t—t)) —(B+y)t—t))
r¢)y= ——— e i —e .
Bt+y—e X]: [ ]
(28)

In this case, as illustrated in Fig. 1D, we have a
summation of identical biexponential waveforms, each
characterized with stereotyped amplitude, rising and
decay time constants. This biexponential synaptic cur-
rent model is also widely used to represent synaptic
interactions (Koch, 1999).

As above, one can further simplify Eq. (22) by setting
7] = 1, = 7, which yields:

rt)y=ay Y (t—t;)e T, (29)
J

This expression consists of summated alpha functions
and is also a model that was used in many theoretical
studies (e.g., Manwani and Koch, 1999).

Note that a frequency scaling in @~ for the PSD can
also be obtained from models based on single exponen-
tials. In its simplest version, the “pulse-based kinetic
model” (Destexhe et al., 1994) consists of a two-state
kinetic scheme, Eq. (1), in which T occurs as a pulse
of fixed amplitude and duration. During the pulse, the
synaptic conductance increases exponentially, then af-
ter the pulse, it decays back to zero with a single ex-
ponential time course (Fig. 3A, left; see Appendix 3
for equations). The PSD of this type of model is more
complex than above (see Appendix 3), but shows an
asymptotic scaling behavior that depends on the model
parameters (Fig. 3). For the reference parameters (i.e.,
those obtained by fitting this model to experiments; see
Destexhe et al., 1994), the PSD shows oscillations due
to the discontinuous derivative of the conductance (see
Lowen and Teich, 1990) and asymptotically scales as
w~* (Fig. 3A, right). As expected, when the rising phase
of the pulse is very sharp, this model tends to Eq. (4),
and in this case, the PSD scales as w2 (Fig. 3B). Inter-
estingly, for intermediate values, the asymptotic scaling
can be intermediate between w2 and w™* (Fig. 3C).
Indeed, one can show that this model initially scales
as a Lorentzian (w™2), then scales in ™ for high fre-
quencies (see Appendix 3 for details).

Equivalent Ornstein-Uhlenbeck Type Process
for Biexponential Synapses

In the case of a large number of Poisson-distributed
random synaptic inputs described by biexponential
synapses, if we use the nonsaturating model, Egs. (25)
and (26), then we have a shot noise process. In
such a case, using Campbell’s theorem, Eq. (12),
the mean and variance of the conductance are given
by:

)\gmaxay 2 )"gﬁ]dxazyz
= —) o0, = .
eB+y) ¢ 2eB+y)B+y—o)
(30)

80

The numerical simulation of such a process is illus-
trated in Fig. 4A. As in the case of exponential inputs,
the conductance distribution is asymmetric (Fig. 4B,
histogram), and is in relatively good agreement with
the Gaussian distribution predicted by the values given
above in Eq. (30) (Fig. 4B, black).
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Figure 3. Power spectral density of pulse-based kinetic models of synaptic currents. A. Pulse-based kinetic model of AMPA synaptic currents
using parameters estimated from fitting the model to experimental data (T, = 1 ms, Tpax = 1 mM, o = 0.5 ms~! mM~!, 8 =0.23ms™!; see
Destexhe et al., 1994). B. Pulse-based kinetic model with very sharp rising phase (same parameters excepta = 100 ms~! mM~!). C. Pulse-based
kinetic model with intermediate rising phase (same parameters except @ = 10 ms~! mM™"). In all cases the left panels show an example of an
isolated synaptic event, and the right panels display the PSD (in log-log scale) obtained from the conductance resulting from a large number of
randomly releasing synapses. The dashed lines indicate scaling in w~2 (two-state delta kinetic model) and w~* (three-state delta kinetic model)
for comparison. The PSD of pulse-based models can show a frequency scaling consistent with either type (A, B), or intermediate (C).

Because their power spectra do not scale as a
Lorentzian (see (Eq. (27))), biexponential synapses
cannot be adequately represented by the Ornstein-
Uhlenbeck process, Eq. (14). However, one can gener-
alize this process to the case of biexponential synapses.
Noting that the kinetic equation for ¢, Eq. (295), is
of identical form as the simple exponential synapse,
Eq. (8), ¢ can therefore be described by an Ornstein-
Uhlenbeck process similar to Eq. (14), but this pro-
cess must be augmented by an equation to describe

the additional variable r. This leads to the following
two-variable stochastic process:

dc
—-=-(C-Cy/u+ VD x(),

d

d—f —yC—g/n, 31)

where ¢ = gmax 7, C = gmax ¢, and 77 and 71, are the
associated time constants. The PSD of this stochastic
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Figure4. Random synaptic inputs using three-state kinetic models. A. Synaptic conductance resulting from high-frequency random stimulation
of the nonsaturating biexponential synapse model (Eqgs. (25) and (26); o = 0.72 ms~, B=01ms"!,y=1.155ms™!, e =021 ms™!, gpax =
1 nS). Presynaptic inputs were Poisson-distributed (average rate of A = 2000 s~!). The inset on top shows the conductance at a higher
magnification (black), overlayed with the conductance obtained with the 2-state kinetic model (light gray; model from Fig. 2A, inset; the same
random numbers were used in both models). B. Distribution of conductance. The histogram (dark gray) was computed from the model shown
in A (bin size of 0.15 nS). The conductance distribution is asymmetric, although well approximated by a Gaussian (black line), with mean and
variance calculated from Campbell’s theorem (see Eq. (30)). C. Power spectrum of the conductance. The power spectral density (PSD, in log-log
scale) was calculated from the numerical simulations of the model in A (dark gray circles) and was compared to the theoretical value of the PSD
of an extended Ornstein-Uhlenbeck stochastic process (black; scaling in w™*). The PSD of the 2-state model (light gray circles; from Fig. 2C)

is shown for comparison (scaling in w~2).

process is given by:

2Dy2r12122
(1+?t) (1+ a)2t22)'

This form is equivalent to Eq. (27), from which one
can recover 1y = 1/(B + y) and 1, = 1/¢. Similarly
as above, the amplitude of the noise is given by:

D =gl .o’ (33)

The power spectrum predicted using these relations
(Fig. 4C, line) matches very well the numerical simu-
lations of random synaptic inputs using three-state ki-
netic models (Fig. 4C, dark grey circles). On the other
hand, there is a qualitative difference in the power spec-
tra obtained using two- and three-state kinetic models

(light and dark grey circles in Fig. 4C), suggesting that
the calculation of the PSD of experimentally recorded
conductances should yield important constraints on the
underlying kinetic model.

Membrane Potential Fluctuations

We have shown above that under some assumptions,
one can obtain analytic estimates of the power spec-
tra of synaptic conductances which could in principle
be used to analyze experimental data. However, these
estimates are only applicable to voltage-clamp experi-
ments. Most experiments (in particular, in vivo record-
ings) are performed in current-clamp mode, in which
case the membrane potential activity is recorded. One
therefore needs methods to extract the characteristics
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of the synaptic inputs under current-clamp by analyz-
ing the voltage fluctuations, which is the subject of this
section.

Assuming a passive isopotential cell, the time evo-
lution of the voltage is given by:

dv
sz = —Zleak (V — Eleak) - Z gj(t) (V - Esyn)v
J
(34

where V is the membrane potential, C,, =1 u F/em? is
the specific membrane capacitance, gje,x = 0.1 mS/cm?
and Ej.q = —70 mV are the leak conductance and re-
versal potential, respectively. The membrane is sub-
ject to a large number of conductance-based synap-
tic inputs, g;(¢), with corresponding reversal potential
Egyn.

Taking the Fourier transform of the membrane
equation yields:

iw Cm V((,()) = —Zleak [V(w) - Eleak(S(w)]
=" 8@ *[V(@) — Egl. (35)
J

where * is the convolution operator. This equation is
not solvable, precisely because of this convolution,
which is a consequence of the multiplicative aspect of
conductances.

To solve this equation, we make an “effective leak
approximation” (e.g., Brunel and Wang, 2001; Rudolph
and Destexhe, 2003b). This approximation is justified
by the fact that in high-conductance states, it was esti-
mated that the total membrane conductance is always
about 2 orders of magnitude larger than the conduc-
tance of single synapses (Destexhe and Paré, 1999). In
this case, the voltage deflection due to isolated inputs
is small compared to the distance to reversal potential,
and we can consider the driving force as approximately
constant. However, we must take into account the high-
conductance state of the membrane, which is the sum
of all average membrane conductances. The membrane
equation then becomes:

dv _

Cn =81 (V= V)= Xj:(gj(t) —8))(V — Eg),

(36)

where g; is the average conductance at each synapse,
8T = Lleak + Y. i & is the total average membrane
conductance, and V is the average membrane poten-
tial. Note that the driving force (V — Egyyn) is now

constant, which is therefore equivalent to approximate
conductance-based inputs as current-based inputs, but
arising on top of a large overall membrane conductance.

Taking the Fourier transform, one obtains, for w > 0:

Z]’ gj(a))(Esyn - V)

1% = 37
(@) P, 37)
The PSD is then given by:
¢/ (@)(Egyn — V)P
Py(@) = Vi) = 2= 81O Esn = VI )

gt + @’ C;

If all synaptic inputs are based on the same quan-
tal events, then g;(w) = g(w), and incorporating the
“effective” membrane time constant 7, = C,,/gr, we
can write:

C lg@)?
Py(w) = m, (39)
where C = A (Egyn — V)?/g7.

Thus, the PSD of the membrane potential is here
expressed as a “filtered” version of the PSDs of synaptic
conductances, where the filter is given by the RC circuit
of the membrane in the high-conductance state. Taking
the example of two-state kinetic synapses, Eq. (4), the
PSD of the membrane potential is given by:

C/
(1+ o? rszyn) (14 o?22)’

Py(w) = (40)

where Ty, = 1/B and C' = g2, . @*>Cp>. This ex-
pression was tested numerically for a model receiv-
ing thousands of random conductance-based synaptic
inputs (Fig. 5A). For models receiving only excita-
tory synapses (Fig. 5B), or only inhibitory synapses
(Fig. 5C), the prediction provided by Eq. (40) (black
curves) was in excellent agreement with the numeri-
cal simulations (circles). When both excitatory and in-
hibitory inputs were present (Fig. 5D), the theoretical
PSD was obtained by a sum of two expressions similar
to Eq. (40), and still was in excellent agreement with
the numerical simulations.

In the case of three-state kinetic models, Egs. (18)
and (19), the PSD is given by:

C//
(+o ) (177 5) (1107 7)
41

V()* =
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Figure 5. Power spectral estimates of the membrane potential in a model with random synaptic inputs. A. Simulation of a single-compartment

neuron receiving a large number of randomly releasing synapses
according to independent Poisson processes of average rate of 2.2

(4470 AMPA-mediated and 3800 GABA 4-mediated synapses, releasing
and 2.4 Hz, respectively). The total excitatory (AMPA) conductance, the

total inhibitory (GABA ) conductance and the membrane potential are shown from top to bottom in the first second of the simulation. B.
Power spectral density (PSD) calculated for a model with only excitatory synapses (inhibitory synapses were replaced by a constant equivalent
conductance of 56 nS). C. PSD calculated for a model with only inhibitory synapses (excitatory synapses were replaced by a constant equivalent
conductance of 13 nS). D. PSD calculated for the model shown in A, in which both excitatory and inhibitory synapses participated to membrane
potential fluctuations. In B-D, the continuous curves show the theoretical prediction from Eq. (40). All synaptic inputs were equal (quantum of
1.2 nS for AMPA and 0.6 nS for GABA 4) and were described by two-state kinetic models.

where 7 =1/(B + y) and 1, = 1/¢ are the time con-
stants associated with the three-state kinetic model,
and C"=g2 a*y>C/[(B + y)*¢*]. Simulations of
random synaptic inputs using this model yielded
slightly different voltage fluctuations compared to
the two-state kinetic model (Fig. 6A). This differ-

ence was also apparent in the PSD calculated from
the V,, of both models (Fig. 6B, circles). The ana-
Iytic estimates of the PSD, Eq. (41), yielded a re-
markable agreement with the PSD obtained numer-
ically from the conductance-based model (Fig. 6B,
black).
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Figure 6. Power spectral estimates of the membrane potential for two different kinetic models of synaptic inputs. A. Simulation of a single-
compartment neuron receiving a large number of randomly releasing synapses, according to two different kinetic models. Light gray: two-state
kinetic model (same model as in Fig. 5A); Dark gray: three-state kinetic model (same parameters). In both cases, excitatory and inhibitory
synapses participated to membrane potential fluctuations and the same random numbers were used (same parameters as in Fig. 5A). B. Power
spectral density (PSD) calculated for numerical simulations (light gray circles: two-state model; dark gray circles: three-state model). The
continuous curves show the theoretical predictions from Eq. (40) (two-state model) and Eq. (41) (three-state model).

The simulations above clearly show that the PSD of These considerations are valid only for a single-
the V,, can be well predicted theoretically. These ex- compartment model, and they may not apply to the case
pressions can therefore be used in principle to fit the of synaptic inputs distributed in dendrites. Because of
parameters of the kinetic models of synaptic currents the strong low-pass filtering properties of dendrites, it
from the PSD of the V,, activity. Not all parameters, is possible that distributed synaptic inputs would af-
however, can be estimated. The reason is that several fect the scaling behavior of the PSD of the V,,. To
parameters appear combined (such as in the expres- investigate this point, we used a previously published
sion of C" and C” above), in which case they cannot model of synaptic background activity in vivo (Des-
be distinguished from the PSD alone. Nevertheless, it texhe and Paré, 1999), and calculated the PSD of the
is possible to fit the different time constants of the sys- V,, in a high-conductance state due to the random re-
tem, as well as the asymptotic scaling behavior at high lease of excitatory and inhibitory synapses distributed
frequencies. in soma and dendrites (Fig. 7, circles). This PSD was
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Figure 7. Power spectrum of models with synaptic inputs distributed in dendrites. Simulations of a passive compartmental model of cat
layer VI pyramidal neuron (left) receiving a large number of randomly-releasing synapses (16563 AMPA-mediated and 3376 GABA 4-mediated
synapses, releasing according to independent Poisson processes of average rate of 1 and 5.5 Hz, respectively). This model simulates the release
conditions during high-conductance states in vivo (see details in Destexhe and Paré, 1999). A. Power spectrum obtained for the somatic V,, in
this model when synaptic inputs were simulated by two-state kinetic models (gray circles). The continuous curve shows the theoretical PSD of
the V,, obtained in an equivalent single-compartment model. B. Same simulation and procedure, but using three-state (biexponential) synapse
models. In both cases, the decay of the PSD at high frequencies was little affected by dendritic filtering.
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compared to the theoretical expressions obtained above
for a single-compartment model with equivalent synap-
tic inputs (Fig. 7, continuous lines). Surprisingly, there
was little effect of dendritic filtering on the frequency
scaling of the PSD of the V,,,. In particular, the scaling
at large frequencies was minimally affected (compare
continuous lines with circles in Fig. 7). These simula-
tions, therefore, suggest that the spectral structure of
synaptic noise, as seen from the V,,, could provide a
reliable method to yield information about the under-
lying synaptic inputs.

Discussion

Using simple mathematical tools, we have focused here
on two of the main classes of functions used to rep-
resent synaptic conductances, namely the “exponen-
tial synapses,” which consist of an instantaneous rise
followed by exponential decay, and the “biexponen-
tial synapses,” in which the rise and decay are con-
trolled by a double exponential form with two time
constants. These two classes respectively correspond to
two-state and three-state kinetic models, in which the
transmitter activation is represented by a Dirac delta
function. These “delta kinetic models™ are very con-
venient, because they can be manipulated analytically
without invoking complex mathematical frameworks,
which leads to a number of useful expressions, as dis-
cussed below.

First, the synaptic conductance can be obtained ana-
lytically for arbitrarily complex input streams, similar
to pulse-based kinetic models (Destexhe et al., 1994)
or event-based algorithms (Mattia and Del Giudice,
2000). This is valid both for exponential and biexpo-
nential synapses, as well as for their variants, such as
saturating or nonsaturating alpha functions. As a re-
sult, there is no need to solve differential equations for
the synaptic inputs, which results in the possibility of
designing fast algorithms for computing synaptic in-
teractions (see details in Appendix 1). In principle, this
approach should apply to more complex Markov ki-
netic models (see Appendix 2).

Second, for the case of a large number of random
synaptic inputs, we have shown a procedure to ob-
tain the closest stochastic process to describe the to-
tal synaptic conductance. For the simplest type of ex-
ponential synapses, the total conductance can be de-
scribed by a Gaussian (Fig. 2B), and has a power spec-
trum scaling like a Lorentzian (Fig. 2C). These fea-
tures are typical of the Ornstein-Uhlenbeck stochastic

process (Uhlenbeck and Ornstein, 1930). This model
is, therefore, an extremely good approximation for a
large number of synaptic inputs of this kind, although
there is no formal equivalence between these two pro-
cesses (e.g., the third and fourth moments are non
zero, as deduced by Campbell’s theorem). For three-
state kinetic models, the biexponential synaptic con-
ductances lead to a PSD that significantly departs from
a Lorentzian (Fig. 4C) and cannot be described by
the Ornstein-Uhlenbeck process. We have introduced
an extended two-variable Ornstein-Uhlenbeck stochas-
tic process which matches the statistical and spectral
properties of the biexponential synapses (Fig. 4). Here
again, the approach should apply to arbitrarily com-
plex Markov kinetic schemes described by delta kinetic
models. The corresponding stochastic process to model
global conductances would be n-dimensional general-
izations of the Ornstein-Uhlenbeck process.

Finally, we examined the PSD of the membrane
potential for neurons subject to conductance-based
synaptic inputs. In this case, the PSD of the V,, is
not accessible because of the nonlinearity of conduc-
tances. However, we showed that in high-conductance
states, this PSD is very well approximated by that of a
current-based model, but only if the total conductance
of the membrane is taken into account. This effective
leak approximation (for other related approaches, see
Manwani and Koch, 1999; Brunel and Wang, 2001)
allowed us to predict the frequency dependence of the
PSD of V,, activity. Remarkably, the frequency scal-
ing was little affected in the case of synaptic inputs
distributed in dendrites, suggesting that this method
may be used as a tool for analyzing experimental data.
For example, the frequency dependence of the V,,, ac-
tivity could be used to find which is the simplest kinetic
model to describe the experiments, a task which would
be very difficult in vivo because of the impossibility to
observe isolated synaptic events. Using the procedure
detailed above, one can also find the closest Ornstein-
Uhlenbeck type process to reproduce synaptic noise
with the correct spectral structure. Because the latter
models are very fast to simulate, they are readily appli-
cable to dynamic-clamp experiments to “recreate” ac-
tive states in vitro (Destexhe et al., 2001; Chance et al.,
2002; Fellous et al., 2003; Prescott and De Koninck,
2003; Rudolph et al., 2004). The present computational
approach therefore provides a direct link between in-
tracellular recordings in vivo and the design of precise
and efficient models of synaptic noise for being used
in vitro.
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Appendix 1: Algorithms for Simulating Multiple
Synaptic Inputs

In the case of N synapses described by the 2-state ki-
netic model, Eq. (8), if these synapses converge on the
same postsynaptic compartment, we have:

Isyn(t) = gmax G(O) (V — Esyn)a (42)

where G(t) = Z/]{v:] ci(t) is the sum over the state vari-
ables ¢, of all synapses. Each state variable is described
by:
dex —a) 8(t 1) - B (43)
dt - J '
where t}‘ is the jth spike arriving at synapse k.
Summing over this equation, leads to:
dG

E:ajzké(t—t;‘)—ﬁG, (44)

which is functionally identical to Eq. (8) and, therefore,
has the following explicit solution:

Gy=a Y e P, (45)

Jj.k

Thus, multiple synapses can be handled by a single
“multi-synapse” mechanism in which all presynaptic
spikes are merged into a unique presynaptic train. This
approach is similar to the analytic treatment of discrete
voltage jumps which form the basis of event-based al-
gorithms (Mattia and Del Giudice, 2000).

In the case of saturating exponential synapses,
Eq. (4), each state variable is described by:

dc

dt" =a(l - ck);s(t —1}) — Ba,  (46)

which, after summation, yields:

dG
=« ;(1 —c)8(t—1¥) = pG. (@7

The explicit solution is given by:

GOy=ay [1—a()]e . @)
j.k

This case is more complex, because the state variable
of individual synapses (c;) still appears. This type of
multi-synapse mechanism must therefore keep track of

the state variable of each synapse at the time of the
corresponding spike, ck(tf ). This can easily be calcu-
lated from the state variable at the time of the preceding
spike, ck(tj{l), by using the expression:

a(t) = a1 —a(rh))] e U0 (49)

In the case of the 3-state kinetic model, Eqgs. (25) and
(26), a set of N synapses are also described by Eq. (42),
but in this case G(t) = Z/iv=1 ri(t), where ry is the
fraction of receptors in the open state for each synapse.
Using the same notations as above, the time evolution
of the state variables of each synapse is given by:

de k
drk (51)
— = — &ry.
di Y Ck k

Summing over these two equations leads to:
dF
— = 8(t—15) - F, (52
o “;;( =B+ (52)
dG
— =yF —¢G, 53
o o rE—e (53)

where F(t) = 21]{\;1 cr(t). The explicit solution of this
system is given by:

ay Z [e—a(t—tj.') _ e—(ﬂ+y)(t—zf.)].

G(t) = —
O=Fry e 2

(54)
For saturating biexponential synapses, Eqgs. (18) and

(19), similar considerations lead to the following ex-
plicit solution for the multisynapse:

ay
G(1) = Bty —c ]Zk [1 = ar}) = n(t5)]
x [emet=1) — g=B+na-1)] (CR)

where the values of the state variables are given by:

er(t)) = a1 = ex(ty_) — (1)) e~ PG,

(56)
ay
ri(t)) = m[l = a(ri-r) = ()]
% [6*80?45,.) _ e*(ﬂ+y)(7_’,f*tj-‘,l)]. (57)

Thus, N synapses described by either 2-state or 3-
state kinetics can be merged into one multi-synapse
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handling all the presynaptic spikes. The explicit solu-
tions given above for G(t) can be used to directly cal-
culate the conductance of the ensemble of N synapses,
without solving any differential equation, thus resulting
in computationally efficient algorithms.

Appendix 2: General Solution for Markov
Kinetic Models

Consider a ligand-gated ion channel with M states Cy,
k=0,..., M —1, where C( denotes the closed state
and Cj;_; the open state of the channel. These states
obey the following set of transitions:

Tpq

C,<C, pg=0,....M—1, (58

where {r,,} are the rate constants associated with all
possible transitions between two states. One or several
of these states can be conducting. In the analysis below,
all transitions are permitted to stay general, except for
transitions from any state to itself, for which r,, = 0,
p =0,...,M — 1. If a transition does not occur,
the corresponding rate constant will be set to zero. For
transitions that involve the binding of transmitter, the
rate constant will be written as:

T'pq :F‘“’Z 8t — ;). 59)

J

This formulation is generic and accounts for most
Markov kinetic diagrams introduced to model ligand-
gated ion channels. In particular, the three-state dia-
gram in Eq. (17) can be obtained by setting M = 2,
C,=0,79 =a,ri9o= B, 72 =y, ryp = &, and the
other rates to zero.

This generic state diagram is described by the fol-
lowing set of M kinetic equations:

M—1

de(t) "=
=== > reit) = Y rae)
P29 PZR
k=0,...,M—1 (60)
and
M—1
1= Z (1) (61)
k=0

This system of (M + 1) equations describes the time
course of M variables ¢;(t),k =0, ..., M —1, subject

to the constraining relation given in Eq. (61). The latter
can be used to eliminate one of the differential equa-
tions, thus yielding the system of (M — 1) equations

M—1 M—1
a0 _ mk(t)(l -y c,m) £ Y e

i=1 i=1

i#
M-1
— Y ride), (62)
i=0
i#k
k=1,...,M—1, which describes the time evolution

of the fraction of channels in states C, k > 0. Be-
fore restricting to specific cases of transmitter release,
we will investigate below the general M-state kinetic
model and its solution.

Due to the, so far, unconstrained time- and voltage-
dependence of the rate constants ry;(f), a general ex-
plicit solution of the system given in Eq. (62) can not be
written down. To allow access, we assume the voltage-
independence of ry,;(¢). Furthermore, without loss of
generality, we assume that transmitter binding transi-
tions only occur from the closed state Cy to the kth
state Cy,k = 1, ..., M —1 withrates ro,(t) = o Ti (1),
where ¢, are time-independent rate constants and 7 (¢)
denotes the arbitrary time-course of transmitter release
for the corresponding transition. All other rate con-
stants are time-independent, i.e., ry(f) = Pi. With
these assumptions, Eq. (62) reads:

9 — werioy I—MZ_Icm + Y uan
dt — Qi lk L i — ikCi
[y
M1
— Brick(t) (63)
120

withk=1,... , M — 1.
This system of coupled first-order linear differential
equations can be solved by Fourier transform. Defining

1 © .
at) = — / dw Cr(w)e'™, (64a)
27 J_ o

Ti(t) = 1 / do Ti(w)e'™, (64b)
2w J_

o]

where w = 2r f is the angular frequency, f is the fre-
quency, and Cy(w) and T (w) denote the Fourier trans-
forms of ¢ (f) and T; (), respectively. With this, we
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obtainfork=1,... , M — 1:

M—1 M—1

i Ch(w) = aTi(@)+ Y BuCi(@) = Y BuCi(®)
i=1 i=0
i#k i#k

M—1 o)
> [ el T - i
T o1 J-oo
(65)

as a description of the M -state kinetic model with ar-
bitrary integrable time-course of transmitter release.

Equation (65) can be further simplified by restricting
to transmitter release whose time course is described by
Dirac’s §-function, i.e. §(t — t;) for a release occurring
at the time #; of a presynaptic spike. Assuming that
this kinetic scheme holds for all transmitter binding
transitions, we have:

T(t) = ZS(r —1;) Vk, (66)
J

where the sum runs over all presynaptic spikes which
trigger a transmitter release. The Fourier transform of
Tx(¢) is given by:

T () = Ze—f“”f Yk, (67)
J

which yields:

o.¢]
[ da)’Tk(a)—a)’)Ci(a)’)=2nE e ic(t)) Yk
oo .
j

(68)

Using these relations, Eq. (65) can be rewritten in
matrix form

A(@) C(0) = B(w), (69)

with the (M — 1) x (M — 1)-matrix

o + Zfl;h Bui =B

i#1

—Br2 iw + Y20 B

A(w) =

—Birm-1)

—Bom-1)

the (M — 1)-vectors

o]

: M—1 (0%}
Bw)=) ¢ (1 - c,-m)) .
j i=1 :
apm—1
o]
[2%]

= Ze_iwtjCQ(l‘j) . s (71
j .
Ap—1

and

Ci(w)

Cor(w)
Clw) = ) . (72)

Cu-1(w)

By applying Cramer’s rule, Eq. (69) can be solved,
yielding:

M—1
Cilw) = Y D Bl (@)ai(w)  (73)
i=1

a
A 2

fork=1,..., M —1, where A(w) = det A(w), B;(w)
denotes the ith element of B(w), and a;;(w) denotes
the minor of element A;;(w) of A(w). This provides an
explicit solution for Cy(w) if the fraction of channels
in the closed state Cy, i.e., co(%;), is known at the times
of presynaptic spikes.

Next, we investigate the w-dependence of the general
Fourier transforms Eq. (73). Because A(w) = det A(w)
with A(w) given by Eq. (70), it is a polynomial of order
(M — 1) in (iw) and can be written in the form:

M—1

A) =Y ayio)", (74)
m=0
_.B(M—l) 1
—Bwm-1)2

, (70)

. M-1
io+Y """y Bwm-ni
it M—1
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where the coefficients a,, are functions of the constant
rates B;; only. Equivalently, a;r(w) are the minors of
A(w), i.e., determinants of some (M — 2) x (M — 2)-
matrices A}, (w), and, hence, polynomials at most of
order (M — 2)in (iw):

M-=2
ain(@) =Y am (io)" Vi k (75)
m=0

iw + Bio + B2 0

—pi2 iw + B
Alw) =
0 0
0 0

with coefficients a(x),, which are functions of the con-
stant rates S, only. Finally,

Bla(a)) = b(l) e_iwt v i, (76)

where the b;) are functions of the constant rates ¢; and
the time dependent fraction of channels in the open state
co(t). Taking together Eqgs. (74) to (76), we obtain:

M=2 ; .. i
Yo dn )" e™™ 1 i,

C =
k(w) Z”[\;[:—Ol an (l(,())m iw

(77)

fork=1,..., M — 1 and some coefficients d,, which
only depend on the constant rates o and B;; as well as
co(t). For the power spectral density P.,(w) we obtain:

1
P () = |Cr(w)]* ~ e (78)

fork = 1,..., M —1 with Cy(w), i.e. P, (w) con-
verges to zero like w2 for v — 0.

Note that this general frequency dependence de-
scribes the slowest convergence. For specific models,
P, (w) may converge ~ ﬁ withs > 2 forsome k. Inone
of these specific models, the transition to the open state
C -1 occurs through a chain of intermediate noncon-
ducting states Cy, ... , Cy—, after transmitter binding

to Cop:

Co P— Cl

/ N

Cu—i Cy. (719)

AN /

CM—2 -~

In this case, A(w) takes a diagonal form with non-zero
subdiagonal elements:

0 0
0 0
; (80)
iw + Ba-2m-1) 0
—Bm—-2)(M—-1) io + Bwm-no
and
o
' 0
B) =Y e ety | .| @1
7 :
0

Together with Eq. (73), we obtain for the PSD of the
closed state Cy_; the w-dependence Pc,, ,(w) ~ ﬁ
for v — oo.

Another example is when the open state Cj;_; is ob-
tained by direct transmitter binding to the closed state
Cy, while the transition between Cj,_; and Cy can also
occur via a chain of intermediate closed states Cq, ... ,

CM_ZZ

7N
C,. (82
N

Cyn,——>---

This particular scheme yields a diagonal form of
A(w) with non-zero superdiagonal elements. Here,
Pc,_ (@) ~ 2 for o — oc.

In the particular case of a linear transition diagram
in which the closed state Cy and open state Cy,_; are
linked by a chain of intermediate closed states Cy, . . . ,
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Cu-

Co—Ciz— ... —Cyr+—=Cy_1,

(83)

A(w) is tridiagonal and Pc,, ,(w) ~ # for w — oo.

Appendix 3: Power Spectral Density
of Pulse-Based Kinetic Model

Consider the two-state kinetic model of Eq. (1), but
instead of describing the transmitter time course 7" as
Dirac delta function as in Eq. (4), we use a “pulse-
based kinetic model” (Destexhe et al., 1994), where T
occurs as a brief pulse of amplitude Tp,,x and duration
T4ur- The solution of this model is composed of two
exponentials:

1. During a pulse (fp < t < 1), T = Tax and c(t) is
given by:

c(t —1o) = coo + (c(to) — Coo) eXpl—(t —10)/7.]
(84)

where

Oleax 1
= -, TC =
T + B aTy + B

Coo
2. Afterapulse (t > t1), T = 0, and c(¢) is given by:

c(t =) =c(ryexp[—p (t —1)].  (85)

The power spectral density P.(w) of this 2-state kinetic
model takes the form

p— Zazglzl'laXTH?laX
T CR2(C3B — )2 + w(C3 + B))
x (B*C3 + w*(C3 + D7) + C3pw(C3 — Dy)

x $in(@Tyur) — C3(B*C3 + w* Dy) cos(@Tyur)),

P.(w)

where D = B+(C; — B)e~ T, Athigh frequencies,
the PSD shows oscillations (sin and cos terms above),
which are caused by the discontinuity of the pulse in
the time domain (as noted by Lowen and Teich, 1990).
The asymptotic behavior is w~* in this particular case.
For low frequencies (typically below 500 Hz for the
kinetics considered here), the power spectral density is

approximately Lorentzian, with a power spectral den-
sity given by

2D7?
Prorentz(@) = m, (86)
where
3E?
D=7 @7
C3E,
E
= (88)
12B2C5E,

denote the power and time constant of the Lorentzian,
respectively, with

Ei = C} + D} + (D — C3(1 + BTaw)),
Ey = C3 BT}, (C3BTau(4 + BTau) — 4D,
X (3 + BTaw)) + 12(C3 + B*) Ey,

and
C = §mx Tmax Tqu:C ~TarCs _
I_Tcg(lg(dur 3+e -1
+ C3(1 — e_TdurCS))’
_ Znax® T
Cy = Smax® “max
28C3
X (13(2TdurC3 + 4e_TdurC3 —_ e_ZTdurCS _ 3)
+ C3 e*2Tdu;~C3(1 _ eru,C3)2)
C; = B+ aTmax-
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