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5.1 Introduction

The selective permeability of neuronal membranes to ions is at the basis of various processes central to

neurophysiology, such as the maintenance of a membrane potential, the genesis of neuronal excitability

and the action of neurotransmitters and modulators. The rules governing ionic permeabilities were

explored by Hodgkin, Huxley, Katz and others several decades ago. It was demonstrated that the

ionic permeability of the membrane can be highly dependent on the membrane potential. Hodgkin

and Huxley [1] characterized these properties of voltage-dependence and provided a mathematical

model which proved that these properties were su�cient to account for the genesis of action potentials.

The model of Hodgkin and Huxley was based on simple assumptions, reproduced well the behavior

of the currents and its parameters are easy to determine from experimental data. This explains why

Hodgkin-Huxley models are still widely used today, almost �fty years later.

Hodgkin and Huxley postulated that the membrane currents result from the assembly of gating

particles freely moving in the membrane. The molecular components responsible for ionic permeabili-

ties have been later identi�ed as being transmembrane protein complexes containing a pore permeable

speci�cally to one or several ionic species (reviewed in ref. [2]). These ion channels can have their

permeability modulated by various factors, such as voltage or the binding of a ligand. The sensitivity

of some ion channels to voltage is a fundamental property that constitutes the core mechanism under-

lying the electrical excitability of membranes, and is still today an important matter of investigation

(for a recent review, see ref. [3]). Several types of voltage-dependent ion channels have been identi�ed

and are responsible for a rich repertoire of electrical behavior essential for neuronal function [4].

The biophysical properties of ion channels have been characterized in depth following the devel-

opment of single-channel recording techniques (reviewed in ref. [5]). Single-channel recordings have

shown that ion channels display rapid transitions between conducting and non-conducting states. It

is now known that conformational changes of the channel protein give rise to opening/closing of the

channel. Conformational changes of ion channels can be described by state diagrams analogous to

the conformational changes underlying the action of enzymes. Markov models are based on such

transition diagrams and have been used for modeling various types of ionic currents based on single-

channel recordings (see ref. [5]). This formalism is more accurate than Hodgkin-Huxley models, but

its drawback is the greater di�culty to estimate its parameters from experimental data. On the other

hand, Markov models can also be used to draw simpli�ed representations of the current, which only

capture the most salient properties of voltage-dependent or synaptic interactions, more adequate for

representing currents when simulating networks involving thousands of cells [6].

Thus, there exists various formalisms of di�erent complexity to model ionic currents. Which

formalism to adopt for modeling a given current depends on the experimental data available and its
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accuracy, as well as on the desired level of precision in the behavior of the model. We illustrate these

aspects in this chapter, by considering di�erent types of formalisms to model processes such as the

action potential and voltage-clamp recordings of the T-type calcium current in thalamic neurons. For

both cases, we show the similarities and di�erences between the di�erent models, how well they account

for experimental data and which is the \minimal" model required to reproduce electrophysiological

behavior.

5.2 Different formalisms to model ion channels

5.2.1 The Hodgkin-Huxley model

The formalism of Hodgkin and Huxley was introduced in 1952 to model the ionic interactions underly-

ing action potentials. In a remarkable series of experiments on the squid giant axon, they determined

that ionic conductances can be activated or inactivated according to the membrane potential. They

used the technique of voltage-clamp, introduced earlier by Cole, to record the ionic currents gener-

ated at di�erent voltages. They identi�ed the kinetics of two voltage- dependent currents, the fast

sodium current, INa, and the delayed potassium recti�er, IK , mediated by Na+ and K+, respectively.

A mathematical model was necessary to establish that these properties of voltage-dependence were

su�cient to explain the genesis of action potentials. The model introduced by Hodgkin and Huxley [1]

incorporated the results of their voltage-clamp experiments and successfully accounted for the main

properties of action potentials.

The starting point of the Hodgkin-Huxley model is the membrane equation describing three ionic

currents in an isopotential compartment:

Cm
dV

dt
= �gL (V �EL) � gNa(V ) (V �ENa) � gK(V ) (V �EK) ; (1)

where Cm is the membrane capacitance, V is the membrane potential, gL, gNa and gK are the mem-

brane conductances for leak currents, Na+ and K+ currents respectively, EL, ENa and EK are their

respective reversal potentials, which are given by the Nernst relation. For example, for K+ ions:

EK =
RT

ZF
ln

[K]o
[K]i

(2)

where R is the gas constant, T is the absolute temperature in degrees Kelvin, Z is the valence of

the ion (Z=1 for K+ ions, Z=-1 for Cl� ions, etc), F is the Faraday constant, [K]o and [K]i are the

concentration of K+ ions outside and inside of the membrane, respectively (see Chapter 3).

The next step is to specify how the conductances gNa(V ) and gK(V ) depend on the membrane

potential. Hodgkin and Huxley hypothesized that ionic currents result from the assembly of several

independent gating particles which much occupy a given position in the membrane to allow the 
ow
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of Na+ or K+ ions. Each gating particle can be in either side of the membrane and bears a net

electronic charge such that the membrane potential can switch its position from the inside to the

outside or vice-versa. The transition from these two states is therefore voltage-dependent, according

to the diagram:

(outside)
�m(V )
-�

�m(V )
(inside) ; (3)

where � and � are respectively the forward and backward rate constants for the transitions from the

outside to the inside position in the membrane. If m is de�ned as the fraction of particles in the inside

position, and (1�m) as the fraction outside, one obtains the �rst-order kinetic equation:

dm

dt
= �m(V ) (1�m)� �m(V ) m : (4)

If one assumes that particles must occupy the inside position to conduct ions, then the conductance

must be proportional to some function of m. In the case of squid giant axon, Hodgkin and Huxley [1]

found that the nonlinear behavior of the Na+ and K+ currents, their delayed activation and their

sigmoidal rising phase was best �t by assuming that the conductance is proportional to the product

of several of such variables [1]:

gNa = �gNa m
3h (5)

gK = �gK n4 ; (6)

where �gNa and �gK are the maximal values of the conductances and m, h, n represent the fraction

of three di�erent types of gating particles in the inside of the membrane. This equation allowed to

�t voltage-clamp data of the currents accurately, which can be interpreted as that the assembly of 3

gating particles of type m and one of type h is required for Na+ ions to 
ow through the membrane,

while the assembly of 4 gating particles of type n is necessary for the 
ow of K+ ions. These particles

operate independently of each other, leading to the m3h and n4 forms.

When it was later established that ionic currents are mediated by the opening and closing of ion

channels, the gating particles were reinterpreted as gates inside the pore of the channel. Thus, the

reinterpretation of Hodgkin and Huxley's hypothesis was that the pore of the channel is controlled by

four gates, that these gates operate independently of each other, and that all four gates must be open

in order the channel to conduct ions.

The rate constants �(V ) and �(V ) of m and n are such that depolarization promotes opening

the gate, a process which is called activation. On the other hand, the rate constants of h are such

that depolarization promotes closing of the gate1, which process is called inactivation. Thus, the

1and therefore closing of the entire channel because all gates must be open for the channel to conduct ions
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experiments of Hodgkin and Huxley [1] established that three identical activation gates (m3) and a

single inactivation gate (h) are su�cient to explain the Na+ current's characteristics. The K+ current

does not have inactivation and can be well described by four identical activation gates (n4).

Taking together all the steps above, one can write the following set of equations [1]:

Cm
dV

dt
= �gL (V � EL) � �gNa m

3h (V � ENa)� �gK n4 (V �EK) (7)

dm

dt
= �m(V ) (1�m)� �m(V ) m

dh

dt
= �h(V ) (1� h)� �h(V ) h

dn

dt
= �n(V ) (1� n)� �n(V ) n ;

The rate constants (�i and �i) were estimated by �tting empirical functions of voltage to the

experimental data [1]. These functions are given in Table 1.

Note that the Hodgkin-Huxley model is often written in a form more convenient to �t to experi-

mental data. Eq. 4 can be rewritten in the form:

dm

dt
=

1

�m(V )
(m1(V )�m) ; (8)

where

m1(V ) = �(V ) = [�(V ) + �(V )] (9)

�m(V ) = 1 = [�(V ) + �(V )] : (10)

The Hodgkin-Huxley equations then become:

Cm
dV

dt
= �gL (V � EL) � �gNa m

3h (V � ENa)� �gK n4 (V �EK) (11)

dm

dt
= (m1(V )�m) = �m(V )

dh

dt
= (h1(V )� h) = �h(V )

dn

dt
= (n1(V )� n) = �n(V ) ;

where m1 is the steady-state activation and �m is the activation time constant of the Na+ current

(n1 and �n represent the same quantities for the K+ current). In the case of h, h1 and �h are called

steady-state inactivation and inactivation time constant, respectively. These quantities are important

because they can easily be determined from voltage-clamp experiments (see below).

5.2.2 Thermodynamic models

In Hodgkin and Huxley's work, the rate constants �(V ) and �(V ) were �t to the experimental data by

using exponential functions of voltage obtained empirically. An alternative approach is to deduce the
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exact functional form of the voltage-dependence of the rate constants from thermodynamics. These

thermodynamic models [7, 8, 9] provide a plausible physical basis to constrain and parameterize the

voltage-dependence of rate constants, which are then used to �t voltage-clamp experiments.

Generally, it is assumed that the transition between two states of the channel correspond to a

conformational change of the ion channel protein. Consider a transition between an initial (I) and a

�nal (F ) state, with a rate constant r(V ) that is voltage-dependent:

I

r(V )
- F : (12)

According to the theory of reaction rates [10, 11], the rate of the transition depends exponentially on

the free energy barrier between the two states:

r(V ) = r0 e��G(V )=RT ; (13)

where r0 is a constant and �G(V ) is the free energy barrier, which can be written as

�G(V ) = G�(V )�G0(V ) (14)

where G�(V ) is the free energy of an intermediate state (activated complex) state and G0(V ) is the

free energy of the initial state, as illustrated in Fig. 1. The relative values of the free energy of the

initial and �nal states (G0 and G1) determine the equilibrium distribution between these states, but

the kinetics of the transition depend on the size of the free-energy barrier �G(V ). Systems with a

smaller energy barrier (Fig. 1, dashed line) correspond to faster kinetics because a larger proportion

of molecules will have the required energy to form the activated complex and make the transition.

In ion channels, these di�erent states correspond to di�erent conformations of the ion channel

protein. How the transition rates between these conformational states depend on membrane potential

is given by the voltage-dependence of the free energy barrier, which is in general very di�cult to

evaluate. The e�ect of the electrical �eld on a protein will depend on the number and position of

its charged amino-acids, which will result in both linear and nonlinear components in the free energy.

Without assumptions about the underlying molecular structure, the free energy of a given state i can

be written as a Taylor series expansion of the form:

Gi(V ) = Ai + Bi V + Ci V
2 + ::: (15)

where Ai, Bi, Ci, ... are constants which are speci�c for each conformational state. The constant

Ai corresponds to the free energy that is independent of the electrical �eld, the linear term Bi V

to the interaction between electrical �eld with isolated charges and rigid dipoles [7, 8, 9, 12]. For

example, linear terms in V will result if the conformations di�er in their net number of charges, or if
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the conformational change is accompanied with the translation of a freely-moving charge inside the

structure of the channel [2, 8]. Nonlinear terms results from e�ects such as electronic polarisation

and pressure induced by V [8, 9, 12] or mechanical constraints in the movement of charges due to the

structure of the ion channel protein [15].

Thus, each conformational state of the ion channel protein will be associated with a given distri-

bution of charges and will therefore be characterized by a given set of coe�cients in Eq. 15. This is

also true for the activated state, which is a particular case of conformation. Applying Eqs. 13-15, the

rate constant becomes:

r(V ) = r0 e�[(A
�+B�V+C�V 2+:::)�(A0+B0V+C0V

2+:::)]=RT ;

= r0 e�(a+bV+cV 2+:::)=RT ; (16)

where a = A� � A0, b = B� � B0, c = C� � C0, ... represent di�erences between the linear and

nonlinear components of the free energy of the initial and activated states (according to Eq. 15).

Considering the particular case of a reversible open-closed transition

C
�(V )
-�

�(V )
O (17)

where C and O are respectively the closed and open states, and � and � are the forward and backward

rate constants. Applying Eq. 16 to forward and backward reactions leads to the following general

expression for the voltage-dependence:

�(V ) = �0 e�(a1+b1V+c1V
2+:::)=RT

�(V ) = �0 e�(a2+b2V+c2V 2+:::)=RT
(18)

where a1, a2, b1, b2, c1, c2, ... are constants speci�c of this transition. It is important to note that,

in general, these parameters are not necessary inter-related because the three di�erent conformations

implicated here (initial, activated, �nal, as in Fig. 1) may have very di�erent distributions of charges,

resulting in di�erent coe�cients in Eq. 15, and thus also resulting in di�erent values for a1...c2. In

the following, this general functional form for the voltage dependence of rate constants will be called

nonlinear thermodynamic model.

In the \low �eld limit" (during relatively small transmembrane voltages), the contribution of the

higher order terms may be negligible. Thus, a simple, commonly-used voltage dependence results from

the �rst-order approximation of Eqs. 18 and takes the form:

�(V ) = �0 e�(a1+b1V )=RT

�(V ) = �0 e�(a2+b2V )=RT :
(19)
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In the following, this form with simple exponential voltage dependence of rate constants will be called

linear thermodynamic model.

A further simpli�cation is to consider that the conformational change consists of the movement of

a gating particle with charge q [1] (see also ref. [13]). The forward and backward rate constants then

become:

�(V ) = �0 e�
qFV=RT

�(V ) = �0 e (1�
)qFV=RT ;
(20)

where 
 is the relative position of the energy barrier in the membrane (between 0 and 1). The constants

�0 and �0 can be equated to a �xed constant A by introducing the half-activation voltage VH , leading

to:

�(V ) = A e�
qF (V�VH)=RT

�(V ) = A e (1�
)qF (V�VH)=RT :
(21)

This form was introduced by Borg-Graham [13] for modeling the gating of ion channels. Its pa-

rameters are very convenient for �tting experimental data: VH and q a�ect the steady-state activa-

tion/inactivation curves whereas A and 
 only a�ect the time constant with no e�ect on steady-state

relations.

The drawback of models in which the rate functions are simple exponentials of voltage is that these

functions can reach unrealistically high values, which leads to very small time constants and possibly

aberrant behavior. A possibility to solve this problem is to force an arti�cial saturation of the rate

constants [14] or impose a minimum value to the time constant [13].

Another possibility is not to limit the approximation of Eqs. 18 to linear terms, but include higher-

order terms in the voltage-dependence of the free energy [15]. For example, the quadratic expansion

of Eqs. 18 can be written as:

�(V ) = A e�[b1(V�VH)+c1(V�VH)2]=RT

�(V ) = A e [b2(V�VH)+c2(V�VH)2]=RT ;
(22)

and similarly, its cubic expansion:

�(V ) = A e�[b1(V�VH)+c1(V�VH)2+d1(V�VH)3]=RT

�(V ) = A e [b2(V�VH)+c2(V�VH)2+d2(V�VH)3]=RT ;
(23)

where A, b1:::d2 are constants as de�ned above.

In addition to the e�ect of voltage on isolated charges or dipoles, described in Eq. 19, these forms

account for more sophisticated e�ects such as the deformation of the protein by the electrical �eld [8, 9]

or mechanical constraints on charge movement [15]. It also gives the possibility for the model to capture

more complicated dependence on voltage than the simple exponential functions of Eq. 19, which may

result in more realistic behavior (see below).
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Finally, another way to impose a minimal value for the time constant is to consider that the gate

operates via two successive transitions:

C1

�(V )
-�

�(V )
C2

k1
-�

k2

O ; (24)

where C1 and C2 are two distinct closed states of the gate. The second transition is not dependent

of voltage and therefore acts as a rate-limiting factor when � and � are large compared to k1 and k2.

In this case, the system will be governed essentially by k1 and k2, which therefore impose a limit on

the rate of opening/closure of the gate. On the other hand, when � and � are small compared to k1

and k2, the system will be dominated by the �rst transition, while the two states C2 and O will be in

rapid quasi-equilibrium. Although this system apparently solves the problem of having a minimal time

constant while still conserving the voltage-dependence of the gate, it is nevertheless still unrealistic

that the simple exponential representation for � and � permits the �rst transition to occur arbitrarily

fast at some voltages.

Reaction schemes involving multiple states, such as Eq. 24, are reminiscent of another class of

models, called Markov models, which are described in more detail below.

5.2.3 Markov models

Although the formalism introduced by Hodgkin and Huxley [1] was remarkably forward-looking, and

closely reproduced the behavior of macroscopic currents, the advent of single-channel recordings tech-

niques revealed inconsistencies with experimental data. Measurements on Na+ channels have shown

that activation and inactivation must necessarily be coupled [16, 17, 18], which is in contrast with the

independence of these processes in the Hodgkin-Huxley model. K+ channels may also show an inac-

tivation which is not voltage-dependent, as in the Hodgkin-Huxley model, but state-dependent [19].

Although the latter can be modeled with modi�ed Hodgkin-Huxley kinetics [20], these phenomena are

best described using Markov models, a formalism more appropriate to describe single channels.

Markov models assume that the gating of a channel occurs through a series of conformational

changes of the ion channel protein, and that the transition probability between conformational states

depends only on the present state. The sequence of conformations involved in this process can be

described by state diagrams of the form:

S1 -� S2 -� ::: -� Sn ; (25)

where S1 ... Sn represents distinct conformational states of the ion channel. De�ning P (Si; t) as the

probability of being in a state Si at time t and P (Si ! Sj) as the transition probability from state Si
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to state Sj , according to:

Si

P (Si ! Sj)
-�

P (Sj ! Si)
Sj ; (26)

leads to the following equation for the time evolution of P (Si; t):

dP (Si; t)

dt
=

nX

j=1

P (Sj ; t) P (Sj ! Si) �
nX

j=1

P (Si; t) P (Si ! Sj) : (27)

This equation is called the master equation (see e.g., refs. [9, 21]). The left term represents the

\source" contribution of all transitions entering state Si, and the right term represents the \sink"

contribution of all transition leaving state Si. In this equation, the time evolution depends only on the

present state of the system, and is de�ned entirely by knowledge of the set of transition probabilities.

Such systems are called Markovian systems.

In the limit of large numbers of identical channels, the quantities given in the master equation can

be replaced by their macroscopic interpretation. The probability of being in a state Si becomes the

fraction of channels in state Si, noted si, and the transition probabilities from state Si to state Sj

become the rate constants, rij, of the reactions

Si

rij
-�

rji

Sj : (28)

In this case, one can rewrite the master equation as:

dsi
dt

=
nX

j=1

sj rji �
nX

j=1

si rij ; (29)

which is a conventional kinetic equation for the various states of the system.

Stochastic Markov models (as in Eq. 27) are adequate to describe the stochastic behavior of ion

channels as recorded using single-channel recording techniques (see ref. [5]). In other cases, where a

larger area of membrane is recorded and large numbers of ion channels are involved, the macroscopic

currents are continuous and more adequately described by conventional kinetic equations, as in Eq. 29

(see ref. [22]). In the following, only systems of the latter type will be considered.

It is to be noted that Markov models are more general than the Hodgkin-Huxley formalism, and

include it as a subclass. A Markov scheme can be written for any Hodgkin-Huxley scheme, but

the translation of a system with multiple independent gates into a Markov description results in a

combinatorial explosion of states. For example, the Markov model corresponding to the Hodgkin-
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Huxley sodium channel is [23]:

C3

3�m
-�

�m

C2

2�m
-�

2�m

C1

�m
-�

3�m

O

�h ?
6
�h �h ?

6
�h �h ?

6
�h �h ?

6
�h

I3

3�m
-�

�m

I2

2�m
-�

2�m

I1

�m
-�

3�m

I

: (30)

The states represent the channel with the inactivation gate in the open state (top) or closed state

(bottom) and (from left to right) three, two, one or none of the activation gates closed. To be

equivalent to the m3 formulation, the rates must have the 3:2:1 ratio in the forward direction and the

1:2:3 ratio in the backward direction. Only the O state is conducting. The squid delayed recti�er

potassium current modeled by Hodgkin and Huxley [1] with 4 activation gates and no inactivation can

be treated analogously [23, 24], giving

C4

4�m
-�

�m

C3

3�m
-�

2�m

C2

2�m
-�

3�m

C1

�m
-�

4�m

O : (31)

5.3 Models to generate action potentials

We now use some of the formalisms reviewed above and compare them in similar situations. The

voltage-clamp behavior of the sodium channel and the genesis of action potentials are taken as examples

to illustrate the di�erences between these formalisms.

5.3.1 Models of Na+ and K+ currents underlying action potentials

We will compare here the model of Hodgkin and Huxley [1] with two Markov models of Na+ channels.

A nine-state Markov model was proposed by Vandenberg and Bezanilla [25]:

C

r5
-�

r6

C1

r5
-�

r6

C2

r5
-�

r6

C3

r1
-�

r2

C4

r3
-�

r4

O

r10?
6
r8 r9?

6
r7

I1

r4
-�

r3

I2

r2
-�

r1

I3 :

(32)

This particular nine-state model was selected to �t not only the measurements of macroscopic ionic

currents available to Hodgkin and Huxley, but also recordings of single channel events and measure-

ments of currents resulting directly from the movement of charge during conformational changes of
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the protein (so-called gating currents; see ref. [2]). The voltage-dependence of the transition rates was

assumed to be a simple exponential function of voltage (Eqs. 19).

To complement the sodium channel model of Vandenberg and Bezanilla, we also examined the six

state scheme for the squid delayed recti�er channel, used by Perozo and Bezanilla [26]:

C
r1
-�

r2

C1

r3
-�

r4

C2

r3
-�

r4

C3

r3
-�

r4

C4

r5
-�

r6

O (33)

where again rates were described by a simple exponential function of voltage (Eqs. 19).

The third class of model considered here are simpli�ed Markov models of Na+ and K+ currents.

The model for the Na+ channel was chosen to have the fewest possible number of states (three) and

transitions (four) while still being capable of reproducing the essential behavior of the more complex

models. The form of the state diagram was based on a looped three-state scheme in which some

transitions were eliminated, giving an irreversible loop [6, 27]:

C
r1(V )
-�

r2(V )
O

@@I

r4(V )

��	
r3

I :

(34)

This model incorporated voltage-dependent opening, closing, and recovery from inactivation, while

inactivation was voltage-independent. For simplicity, neither opening from the inactivated state nor

inactivation from the closed state were permitted. Although there is clear evidence for occurrence of

the latter [28] it was unnecessary under the conditions of the present simulations. Rate constants were

described by

ri(V ) =
ai

1 + exp [�(V � ci)=b]
; (35)

with c1 = c2 to yield a model consisting of nine total parameters [6].

The simpli�ed K+ channel model consisted in a single open or conducting state, O, and a single

closed state C:

C
r1(V )
-�

r2(V )
O : (36)

Here, the rates r1(V ) and r2(V ) had a sigmoidal voltage dependence similar to Eq. 35 (see details in

ref. [6]).

5.3.2 Na+ currents in voltage-clamp

The di�erent types of models reviewed above are characterized by di�erent complexity, ranging from a

two-state representation (Eq. 36) to transition diagrams involving many states (Eq. 32). The two-state
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description is adequate to �t the behavior of some channels (see refs. [6, 13, 29, 30, 31], but for most

channels more complex models must be considered. To illustrate this, we compared three di�erent

models of the fast sodium channel underlying action potentials (Figs. 2 and 3).

The response of the three sodium channel models were compared during a voltage-clamp step from

rest (-75 mV) to a depolarized level of -20 mV (Fig. 2). For all three models, the closed states were

favored at hyperpolarized potentials. Upon depolarization, forward (opening) rates sharply increased

while closing (backward) rates decreased, causing a migration of channels in the forward direction

toward the open state. The three closed states in the Hodgkin-Huxley model and the �ve closed states

in the Vandenberg-Bezanilla model gave rise to the characteristic delayed activation and sigmoidal

shape of the rising phase of the sodium current (Fig. 2D). In contrast, the simple model, with a single

closed state, produced a �rst-order exponential response to the voltage step and was therefore not

sigmoidal.

These models generate di�erent predictions about single-channel behavior. The steady-state be-

havior of the Hodgkin-Huxley model of the macroscopic sodium current is remarkably similar to that

of the model of Vandenberg and Bezanilla [25], but there are important di�erences in the relationship

between activation and inactivation. First, in the Hodgkin-Huxley model, activation and inactivation

are kinetically independent. This independence has been shown to be untenable on the basis of gating

and ion current measurements in the squid giant axon [16, 17, 18]. Consequently, Markov models that

reproduce gating currents, such as the Vandenberg-Bezanilla model examined here, require schemes

with coupled activation and inactivation. Likewise, in the simple model, activation and inactivation

were strongly coupled due to the unidirectional looped scheme (Eq. 34), so that channels were required

to open before inactivating and could not reopen from the inactivated state before closing.

A second di�erence is that, in the Hodgkin-Huxley and Vandenberg-Bezanilla models, inactivation

rates are slow and activation rates fast. In the simpli�ed Markov model, the situation was reversed,

with fast inactivation and slow activation. At the macroscopic level modeled here, these two relation-

ships gave rise to similar times course for open channels (Fig. 2A-C; see ref. [12]). However, the two

classes of models make distinct predictions for single-channel behavior. Whereas the Hodgkin-Huxley

and Vandenberg-Bezanilla models predict the latency to �rst channel opening to be short and channel

open times to be comparable to the time course of the macroscopic current, the simpli�ed Markov

model predicts a large portion of �rst channel openings to occur after the peak of the macroscopic

current and to have open times much shorter than its duration.

5.3.3 Genesis of action potentials

Despite the signi�cant di�erences in their complexity and formulation, the three models of the sodium

channel all produced very comparable action potentials and repetitive �ring when combined with
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appropriate delayed-recti�er potassium channel models (Fig. 3). These simulations thus seem to

perform similarly for �tting the macroscopic behavior of Na+ and K+ currents.

However, these three models generated clear di�erences when compared in volatage-clamp (Fig. 2)

and still larger di�erences would be expected at the single-channel level. Thus, which model to chose

clearly depends on the scope of the model. If the detailed behavior of voltage-clamp experiments or

single-channel recordings are to be reproduced, Markov models are certainly the most appropriate

representation. However, if the goal is to reproduce the qualitative features of membrane excitability,

action potentials and repetitive �ring, all models seem equivalent, except that simpler models are

faster to compute. Thus in this case, simpli�ed two- or three-state schemes or the Hodgkin-Huxley

model would seem most appropriate.

5.4 Fitting models to voltage-clamp data

The di�erent formalisms reviewed above are now applied to a concrete example of voltage-clamp exper-

iments. We consider the T-type (\low-threshold") calcium current responsible for bursting behavior

in thalamic neurons [32].

5.4.1 Voltage-clamp characterization of the T-current

Whole-cell voltage-clamp recordings of the T-type calcium current were obtained from thalamic relay

neurons acutely dissociated from the ventrobasal thalamus of young rats (P8-P15). All voltage-clamp

recordings were at a temperature of 24 �C. The Methods were described in detail in ref. [33].

The T-current is transient and has activation/inactivation characteristics similar to the Na+ cur-

rent, but is slower and its voltage range for activation/inactivation typically occurs around rest. These

properties are illustrated in Fig. 4. A series of voltage steps from a hyperpolarized level (-100 mV)

to various depolarized levels reveal an inward current that activates and inactivates in a voltage-

dependent manner (Fig. 4A1). Interrupting this protocol before complete inactivation generates tail

currents (Fig. 4A2) which reveal the de-activation characteristics of the current.

The �tting of these current traces was performed as follows. The most optimal template (deter-

mined by di�erence in residuals) included two activation gates and one inactivation gate, leading to

them2h format in Hodgkin-Huxley equations [33]. To measure activation, the in
uence of inactivation

must be as minimal as possible. We assumed that activation is essentially complete in 10 ms, and that

there is negligible inactivation (these assumptions were checked by calculating the expected activation

and inactivation at various voltages). We used the amplitude of the tail current, which re
ects the

number of channels open at the end of the depolarizing step, as a measure of activation (m2). The

values obtained using this procedure were very close to those obtained by �tting Hodgkin-Huxley
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equations to current traces [33]. The advantage of the tail current approach is that the driving force is

the same for all measurements, therefore providing a direct measure of normalized conductance. This

type of procedure leads to estimates of steady-state activation (Fig. 4B). The time constants were

estimated by �tting exponential templates to the current traces (Fig. 4C; see Methods in ref. [34]).

The inactivation characteristics of IT are shown in Fig. 5. A series of holding potentials given

at various voltages, before applying a command potential at -30 mV, shows di�erent current traces

which contain similar activation but di�erent levels of inactivation (Fig. 5A1). A particular feature of

the T-current is that the recovery from inactivation is very slow (Fig. 5A2). Estimated steady-state

relations for several cells using similar protocols are shown in Fig. 5B and the time constants are shown

in Fig. 5C.

Thus the T-current in thalamic relay neurons has activation and inactivation which are charac-

terized by relatively slow time constants, and a slow recovery from inactivation, almost an order of

magnitude slower than inactivation. In the following, we examine di�erent representations to model

the behavior of this current.

5.4.2 Hodgkin-Huxley model of the T-current

The voltage-clamp behavior shown above was �rst modeled by a Hodgkin-Huxley type representation

in which rate constants were �t to experimental data using empirical functions of voltage [34]. Due

to the nonlinear behavior of calcium currents (the internal and external Ca2+ concentration di�er by

about four orders of magnitude), they were represented using the constant-�eld equations (also called

Goldman-Hodgkin-Katz equations; see ref. [2]; for implementation, see ref. [35]):

IT = �PCa m
2h G(V; Cao; Cai) (37)

where �PCa (in cm/s) is the maximum permeability of the membrane to Ca2+ ions and G(V; Cao; Cai)

is a nonlinear function of voltage and ionic concentrations:

G(V; Cao; Cai) = Z2F 2V=RT
Cai � Cao exp(�ZFV=RT )

1� exp(�ZFV=RT )
(38)

where Z=2 is the valence of calcium ions. Cai and Cao are the intracellular and extracellular Ca2+

concentrations (in M), respectively.

The variables m and h represent respectively the activation and inactivation variables and obey

�rst-order equations similar to Eq. 8. Their steady-state relations were �t using Boltzmann functions

(Fig. 6A-B, blue curves), leading to the following optimal functions:

m1(V ) = 1 = (1 + exp [�(V + 57)=6:2])

h1(V ) = 1 = (1 + exp [(V + 81)=4])
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Similarly, the voltage-dependent time constants were estimated by �tting exponential functions to

the values determined experimentally (Fig. 6C-D, blue curves), leading to the following expression for

activation:

�m(V ) = 0:612 + 1 = (exp [�(V + 132)=16:7] + exp [(V + 16:8)=18:2]) (39)

and for inactivation:

�h(V ) = 28 + exp[�(V + 22)=10:5] for V >= �81 mV

exp[(V + 467)=66:6] for V < �81 mV
(40)

Here two di�erent functions were �t to the time constants �h obtained from inactivation protocols

(V >= �81) or recovery from inactivation (V < �81).

The temperature dependence of these empirical functions was adjusted according to the following

rule:

� 0 = � Q10
�(T�24)=10 ; (41)

where Q10 is the experimentally-determined change of time constants for a 10-degree di�erence in

temperature. For the T-current in thalamic neurons, Q10 was determined as equal to 5 for �m and 3

for �h [36].

The behavior of this model is shown in Fig. 7A. The model accounted well for all protocols of

Figs. 4 and 5, with activation and recovery from inactivation shown in Fig. 7A1 and A2, respectively.

However, in this model, �m and �h were �t using functions of voltage obtained empirically. Similar

to the work of Hodgkin and Huxley [1], this approach leads to a model that accounts well for the

current-clamp behavior of the T-current in thalamic neurons [37] (see below).

5.4.3 Linear thermodynamic model of the T-current

Another possibility is to deduce the functional form of rate constants from thermodynamic arguments.

The �rst of such models is the linear approximation (Eqs. 19), which corresponds to the same equations

as Eqs. 37 above, but with a functional form dictated by a linear voltage-dependence of the free energy

barrier. Constraining the �tting using rate constants described by Eqs. 19 (Fig. 6, green curves) led

to the following optimal expressions:

�m = 0:049 exp [444 
m (V + 54:6)=RT ] (42)

�m = 0:049 exp [�444 (1� 
m) (V + 54:6)=RT ] (43)

�h = 0:00148 exp [�559 
h (V + 81:9)=RT ] (44)

�h = 0:00148 exp [559 (1� 
h) (V + 81:9)=RT ] (45)

where 
m=0.90 and 
h=0.25. The steady-state relations and time constants are obtained similarly as

Eqs. 9-10.
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This model provided a good �t of the steady-state relations (Fig. 6A-B, green curves) but the �t

to time constants was poor (Fig. 6C-D, green curves). In particular, it was not possible to capture

the saturation of �m and �h to constant values for depolarized membrane potentials. This poor �t had

catastrophic consequences, as illustrated in Fig. 7B. Due to the near-zero time constants at depolarized

levels, the current activated and inactivated too fast and led to peak current amplitudes that were over

an order of magnitude smaller than the Hodgkin-Huxley model at same channel densities (compare

A and B in Fig. 7). We conclude that linear thermodynamic models do not provide an acceptable

behavior in voltage-clamp for the T-current.

A possibility to resolve this inherent limitation is to add an arti�cial minimum value to the time

constant [13], but this possibility was not considered here in order to stay within a physically-plausible

formalism. instead, we illustrate below that this problem can be solved by including higher-order

voltage-dependent contributions in the free energy barrier [15].

5.4.4 Nonlinear thermodynamic model of the T-current

Nonlinear thermodynamic models assume that the free energy barrier depends nonlinearly on volt-

age (see Eqs. 18) and that each conformational state involved has its own dependence on voltage,

independently of other conformational states [15]. The consequence is that the coe�cients a1...c2 in

Eqs. 18 can take any value independently of each other. Using these nonlinear expressions to �t the

voltage-clamp data of the T-current led to better �ts of T-channel data. The quadratic expansion still

provided a poor �t of the time constants, although better than linear �ts (not shown). Acceptable �ts

were obtained for a cubic expansion of the rate constants, given by:

�m(V ) = Am exp
�
bm1 (V � Vm) + cm1 (V � Vm)

2 + dm1 (V � Vm)
3
�
=RT

�m(V ) = Am exp
�
bm2 (V � Vm) + cm2 (V � Vm)2 + dm2 (V � Vm)3

�
=RT

�h(V ) = Ah exp�
�
bh1 (V � Vh) + ch1 (V � Vh)2 + dh1 (V � Vh)3

�
=RT

�h(V ) = Ah exp
�
bh2 (V � Vh) + ch2 (V � Vh)2 + dh2 (V � Vh)3

�
=RT :

(46)

The best �t of this nonlinear thermodynamic model is shown in Fig. 6 (red curves) and was obtained

with the following parameters: Am = 0.053 ms�1, Vm = -56 mV, bm1 = -260, cm1 = 2.20, dm1 = 0.0052,

bm2 = 64.85, cm2 = 2.02, dm2 = 0.036, Ah = 0.0017 ms�1, Vh = -80 mV, bh1 = 163, ch1 = 4.96, dh1 =

0.062, bh2 = -438, ch2 = 8.73, dh2 = -0.057. Fig. 6 (red curves) shows that this model could capture the

form of the voltage-dependence of the time constants. In particular, it could �t the saturating values

for the time constants at depolarized level, in a manner similar to the empirical functions used for

the Hodgkin-Huxley type model (Fig. 6, blue curves). Nonlinear expansions of higher order provided

better �ts, but the di�erence was not qualitative (not shown).

Using these rate constants with Eqs. 37 produced acceptable voltage-clamp behavior, as shown in
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Fig. 7C. All protocols of activation (Fig. 7C1), deactivation (not shown), inactivation (not shown), and

recovery from inactivation (Fig. 7C2) showed a similar voltage-dependent behavior as the experimental

data.

5.4.5 Markov model of the T-current

To illustrate the Markov representation, we have used a model of the T-current introduced by Chen and

Hess [38]. This model was obtained based on voltage-clamp recordings and single-channel recordings

of the T-current in �broblasts, and the following optimal scheme was proposed [38]:

C1

ka(V )
-�

kd(V )
C2

ko
-�

kc

O

k�r ?
6
kr ki ?

6
k�i

I1

kf (V )
-�

kb(V )
I2

(47)

Here, only ka, kd, kf and kb are voltage-dependent while the other rates are constant. Thus, activation

occurs through one voltage-dependent step (ka, kd) and one voltage-independent step (ko, kc), the latter

being rate-limiting if ka and kd reach high values. Similarly, the inactivation occurs �rst through a

voltage-independent step (ki, k�i), followed by a voltage-dependent transition (kf , kb) and a voltage-

independent return to the closed state (kr, k�r).

Fitting the parameters of Markov models to experimental data is in general di�cult. It is not

possible to obtain an analytic expression for both time constants and steady-state relations due to

the too high complexity of the model. In general, the activation and inactivation will be described

by multiexponential processes with several time constants, and how to relate these multiple time

constants with the time constants estimated from experimental data (Figs. 4-5) is not trivial. Rather,

the parameters of Markov models are deduced from various experimental considerations (see below).

It is also possible to directly �t the Markov model to the original voltage clamp traces, by minimizing

the error between the model and all experimental traces. Although in principle more accurate, this

procedure is di�cult to realize in practice because of the complexity of the model (11 parameters

here).

The choice of these parameters was guided by the following considerations [38]: (a) the value of ki

must be close to the saturating value of the rate of inactivation at depolarized membrane potentials

(Fig. 5C), and k�i must be much smaller to insure complete inactivation; (b) kc must be close to the

fastest activation time constants at negative potentials (Fig. 4C), while ko must be large (>1 ms�1)

to be compatible with the short bursts of opening in single-channel recordings [38]; (c) the sum kr +

k�r determines the rate of recovery from inactivation at negative membrane potentials; (d) the values
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of ka and kd were adjusted to obtain the best �t to activation/inactivation voltage-clamp recordings

using a thermodynamic template with a linear dependence of the free-energy on voltage:

k = k0 exp (qFV=RT ) (48)

where q = 3.035 is the net charge of a gating particle. As this scheme is cyclic, microscopic reversibility

imposes that the clockwise product of rate constants equals the anticlockwise product, which in turn

imposes that the voltage-dependence of kf and kb must be the same as that of ka and kd. The optimal

values of the rate constants were (all units are ms�1):

ka = 6:4 exp [qF (V � s)=RT ]

kd = 0:000502 exp [�qF (V � s)=RT ]

kf = 16 exp [qF (V � s)=RT ]

kb = 2� 10�6 exp [�qF (V � s)=RT ]

ko = 3

kc = 0:7

ki = 0:036

k�i = 8� 10�5

kr = 0:001

k�r = 0:003

(49)

Here, the parameters were adapted to recordings of the T-current in thalamic neurons. An additional

parameter, s = -5 mV, was introduced to shift the voltage-dependence to adjust the model to the

thalamic T-current.

Simulation of this model was performed with the above expressions for rate constants, and the

T-current described by the following equation:

IT = �PCa [O] G(V; Cao; Cai) (50)

where [O] is the fraction of channels in the open state. Simulated voltage-clamp experiments (Fig. 7D)

show that the Chen & Hess model reproduced well the activation characteristics of the T-current

(Fig. 7D1) as well as its slow recovery from inactivation (Fig. 7D2). However, this model did not �t

quantitatively the T-current of thalamic neurons, because it was based on single-channel recordings of

the T-current in �broblasts, which is di�erent than the \neuronal" T-current (see analysis in ref. [38]).

Obtaining a better Markov representation of the thalamic T-current would require to constrain the

model by single-channel recordings.



A. Destexhe and J.R. Huguenard, January 20, 2000 21

5.4.6 Comparison of the di�erent models

The di�erent models reviewed above for the T-current were compared in current-clamp. A single

compartment model of the TC cell was generated (same parameters as in ref. [39]) and contained leak

currents and the T-current according to the following equation:

Cm
dV

dt
= �gL (V �EL) � IT ; (51)

where Cm=0.88�F/cm
2 is the membrane capacitance, gL=0.038 mS/cm

2 and EL=-77 mV are the leak

conductance and reversal potential, and IT is the T-current as given by Eq. 37. These parameters

were obtained by matching the model to thalamic neurons recorded in vitro [39].

Using this model, the genesis of low-threshold spike (LTS) was monitored through return to rest

after injecting hyperpolarizing currents. The empirical Hodgkin-Huxley type model of the T-current

generated LTS in a grossly all-or-none fashion (Fig. 8A). The linear thermodynamic model (Fig. 8B) did

not generate LTS, consistent with the very small amplitude of the current evidenced above (Fig. 7B).

On the other hand, the nonlinear thermodynamic model (Fig. 8C) and the Markov model of the T-

current (Fig. 8D) presented a behavior more consistent with the Hodgkin-Huxley type model. The peak

amplitude of the LTS was compared between di�erent models in Fig. 8E. Although the shape of the

LTS were not identical, Hodgkin-Huxley and nonlinear thermodynamic models produced remarkably

similar peak amplitudes (�lled circles and triangles in Fig. 8E). We therefore conclude that nonlinear

thermodynamic models provide �ts of comparable quality to empirical Hodgkin-Huxley models, but

their form is physically more plausible.

5.5 Conclusion

In this chapter, we have compared di�erent representations for modeling voltage-dependent currents

and delineated some of the di�erences between these representations. In the case of sodium channels,

models of increasing complexity, from simpli�ed two-state representations to multistate Markov dia-

grams, can capture some of the features of sodium channels and of action potentials. Which model

to chose depends on the type of experimental data available and its level of precision. It is clear that

a two-state scheme cannot capture the features of single-channel recordings, which require Markov

models of su�cient complexity to account for the data. On the other hand, we showed that even

simpli�ed two- or three-state representations can capture phenomena such as action potentials [6]. If

the principal requirement is to generate action potentials, it is therefore not necessary to include all

the complexity of the most sophisticated Markov diagrams of channels and simpli�ed representations

appears su�cient. This simplistic approach may be adequate for models involving large-scale networks
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of thousands of cells, for which computational e�ciency is a more important concern than reproducing

all the microscopic features of the channels.

In the case of the T-current, we have shown that various formalisms, such as empirical Hodgkin-

Huxley type models, thermodynamic models and Markov models, can capture the behavior of the T-

current in voltage-clamp and generate low-threshold spikes. In this case, Markov models are probably

more accurate because they also account for single-channel recordings, while Hodgkin-Huxley type

models do not. The voltage-clamp data shown here were obtained in thalamic neurons [33] and, for

the particular case of these data, they were best modeled by a Hodgkin-Huxley type model in which

rate constants were �t to experimental data using empirical functions of voltage. The best physically-

plausible approach to capture these data is to use templates taken from nonlinear thermodynamic

models, which provide a �tting of comparable quality to empirical functions (compare blue and red

curves in Fig. 6). We therefore conclude that nonlinear thermodynamic models should be used to

yield representations that are consistent with experimental data while having a plausible biophysical

interpretation.
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Gate Forward rate constant Backward rate constant

m �m = �0:1 (V�Vr�25)
exp[�(V�Vr�25)=4]�1

�m = 4 exp[�(V � Vr)=18]

h �h = 0:07 exp[�(V � Vr)=20] �h =
1

1+exp[�(V�Vr+30)=10]

n �n =
�0:01 (V�Vr+10)

exp[�(V�Vr+10))=10]�1
�n = 0:125 exp[�(V � Vr)=80]

Table 1: Rate constants of the Hodgkin-Huxley model.

The rate constants are given for the variables m, n, h as in Eq. 7. The rate constants are those

estimated by Hodgkin and Huxley [1] in squid giant axon at a temperature around 6 �C. In the

original study, the voltage axis was reversed in polarity and voltage values were given with respect to

the resting membrane potential (Vr here).



A. Destexhe and J.R. Huguenard, January 20, 2000 27

Figure 1:

Schematic representation of the free energy pro�le of conformational changes in ion channels. The

diagram represents the free energy of di�erent states involved in a transition: the initial state, activated

complex and �nal state. The equilibrium distribution between initial and �nal states depends on the

relative value of their free energy (G0 and G1). The rate of the transition will be governed by the free

energy barrier �G, which is the free energy di�erence between the activated complex and the initial

state. If the energy barrier is smaller (dashed line), the kinetics of the reaction is faster because a

larger proportion of ion channels will have the required energy to make the transition. Figure modi�ed

from ref. [15].

Figure 2:

Three kinetic models of a squid axon sodium channel produce qualitatively similar conductance time

courses. A voltage-clamp step from rest, V = -75 mV , to V = �20 mV was simulated. The

fraction of channels in the open state (O, thick solid line), closed states (C, thick dashed lines), and

inactivated states (I , thick dotted lines) are shown for the Hodgkin-Huxley model [1], a detailed markov

model [25], and a simple Markov model [6]. A. Hodgkin-Huxley model of the sodium channel (Eq. 30).

The activation (m) and inactivation (h) gates were deduced from other states and are indicated by thin

lines. B. Markov model of Vandenberg and Bezanilla [25] (Eq. 32). Individual closed and inactivated

states are shown (thin lines), as well as the sum of all 5 closed states (C), the sum of all 3 inactivated

states (I) and the open state (O). C. Simpli�ed three-state Markov model [6] (Eq. 34). D. Comparison

of the time course of open channels for the three models on a faster time scale shows di�erences

immediately following the voltage step. The Hodgkin-Huxley (H-H) and Vandenberg-Bezanilla (V-

B) models give smooth, multiexponential rising phases, while the three-state Markov model (Simple)

gives a single exponential rise with a discontinuity in the slope at the beginning of the pulse. Figure

modi�ed from ref. [6]; parameters given in the CD-ROM.
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Figure 3:

Similar action potentials produced using three di�erent kinetic models of squid fast sodium and de-

layed rectifying potassium channels. A. Single action potentials in response to 0.2 ms, 2 nA current

pulse are elicited at similar thresholds and produce similar waveforms using three di�erent pairs of

kinetic models: Hodgkin-Huxley [1] (dashed line), detailed Markov models [25, 26] (dotted line), and

simpli�ed kinetic models (solid line). B. Repetitive trains of action potentials elicited in response to

sustained current injection (0.2 nA) have slightly di�erent frequencies. Sodium channels were modeled

as described in Fig. 2. The detailed Markov potassium channel model had 6 states [26] (Eq. 33) and

the simple model of potassium channel had 2 states (Eq. 36). Figure modi�ed from ref. [6]; parameters

given in the CD-ROM.

Figure 4:

Voltage-clamp recordings of the T-current in dissociated thalamic relay neurons. A. Voltage-clamp

protocols for activation (A1) and deactivation (A2). Command potentials at various levels were given

after the cell was maintained at a hyperpolarized holding potential, leading to the activation of the

current. B. Steady-state activation obtained from the tail currents in A2, which were �t to a m2h

template. C. Time constants obtained using a similar procedure. Di�erent symbols correspond to

di�erent cells. Figure modi�ed from ref. [34] where all details were given.
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Figure 5:

Voltage-clamp characterization of T-current inactivation in dissociated thalamic relay neurons. A.

Voltage-clamp protocols for inactivation (A1) and recovery from inactivation (A2). In A1, the cell

was maintained at di�erent holding potentials then stepped to -30 mV to activate the T-current with

di�erent levels of inactivation. In A2, the current is reactivated after being fully inactivated. The full

recovery took about 1 second (recovery time constant of about 300 ms). B. Steady-state inactivation

calculated by the peak of currents in A1. C. Inactivation time constants obtained by �tting a m2h

template to the data. The recovery time constants were obtained by �tting a single-exponential to

the recovery experiment (dashed line in A2). Di�erent symbols correspond to di�erent cells. Figure

modi�ed from ref. [34] where all details were given.

Figure 6:

Fitting of di�erent models to the T-current in thalamic relay neurons. In each panel, the symbols

show the voltage-clamp data obtained in several thalamic neurons (see Figs. 4-5) and the continuous

curves show the best �ts obtained with an empirical Hodgkin-Huxley type model (blue), a linear

thermodynamic model (green) and a nonlinear thermodynamic model (red). A. Steady-state activation

(m2
1
). B. Steady-state inactivation (h1). C. Activation time constant (�m). D. Inactivation time

constant (�h). The leftmost symbols in D (�-80 mV) are the data from the slow recovery from

inactivation of the T-current. See text for the values of the parameters. All functions were �t using a

simplex method (see Chapter 1). Figure modi�ed from ref. [15].

Figure 7:

Voltage-clamp behavior of di�erent models of the T-current. Left panels: activation protocol (identical

to Fig. 4A1); right panels: protocol for the recovery from inactivation (identical to Fig. 5A2). A. Em-

pirical Hodgkin-Huxley type model. B. Linear thermodynamic model. C. Nonlinear thermodynamic

model. D. Markov model. In all cases, the same density of T-channels was used ( �PCa=3�10
�6 cm/s).

Figure modi�ed from ref. [15].
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Figure 8:

Low-threshold spikes generated by di�erent models of the T-current. Comparison of the same current-

clamp simulation for 4 di�erent models of the T-current: an empirical Hodgkin-Huxley type model

(A), a linear thermodynamic model (B), a nonlinear thermodynamic model (C) and a Markov model

(D). The simulation consisted in injecting hyperpolarizing current pulses of various amplitudes (-

0.025, -0.05, -0.075, -0.1, -0.125 and -0.15 nA) and of 1 sec duration. At the end of the pulse, the

model generated a low-threshold spike upon return to rest. E. Peak amplitude of low-threshold spikes

(LTS) generated by the di�erent models of the T-current. All simulations were done with the same

single-compartment geometry which contained leak currents in addition to the T-current (identical

parameters as in ref. [39]. The density of T-channels was identical in all cases ( �PCa=5�10
�5 cm/s)

and was in the range of densities estimated from rat ventrobasal thalamic neurons [39]. Figure modi�ed

from ref. [15].



F
re

e 
en

er
gy

Final 
state

*

0

1

G  (V)

G  (V)

G  (V)

∆G(V)

Activated 
complex

Initial 
state

Fig. 1



A C

DB
1

0

F
ra

ct
io

n

C

I

O C I

C I

I

C

C

C

O

1

0

F
ra

ct
io

n
I

O

C

I

C O

−20 mV

−75 mV

0.3

0.0

simple

H−H

detailed

F
ra

ct
io

n 
O

pe
n

0.1 ms

1

0

F
ra

ct
io

n

O

C

I

C

C

I

I

C I

IO

m

h

−20 mV

−75 mV 1 ms

Fig. 2



20 ms

A B

2 ms

40
 m

V

I

C O C

O

C I

C I

I

C

C

C

O

C

C

C

C

C

O

C

C

I

I

C I

IO

C

C

C

C

O

Fig. 3



Activation

A1

40 ms

160 pA

12 ms

400 pA

A2

−80 −60 −40 −20

0

0.2

0.4

0.6

0.8

1

Membrane potential (mV)

0

5

10

15

20

−120 −80 −40 0

Membrane potential (mV)

τ
m

T
im

e 
co

ns
ta

nt
 (

m
s)B C

-26 mV

-74 mV -100 mV

-20 mV

-80 mV -80 mV

m∝
2

Fig. 4



Inactivation

A1 A2

200 pA

50 ms

-60 mV
-125 mV

-30 mV

B

40 mV

-90 mV

40 pA

200 ms

C

Membrane potential (mV) Membrane potential (mV)

τ
h

(recov)

τ
h

0

50

100

150

0

100

200

300

400

−120 −80 −40 0−120 −100 −80 −60 −40

0

0.2

0.4

0.6

0.8

1

∝
h

T
im

e 
co

ns
ta

nt
 (

m
s)

Fig. 5



Hodgkin-Huxley

Linear thermodynamic

Nonlinear thermodynamic

T
im

e 
co

ns
ta

nt
l (

m
s)

Activation

Membrane potential (mV)

Membrane potential (mV)

Membrane potential (mV)

Membrane potential (mV)

T
im

e 
co

ns
ta

nt
l (

m
s)

Inactivation

A

C

B

Dτ
m

∝
h

τ
h

m∝
2

−80 −60 −40 −20

0

0.2

0.4

0.6

0.8

1

−120 −100 −80 −60 −40

0

0.2

0.4

0.6

0.8

1

0

5

10

15

20

−120 −80 −40 0 −120 −80 −40 0

0

100

200

300

400

Fig. 6



200 pA
150 pA

40 pA 50 pA

200 pA
150 pA

150 ms

40 pA 50 pA

500 ms

Activation Recovery from inactivation

A2Hodgkin-Huxley modelA1

B2Linear thermodynamic modelB1

C2

D2

Nonlinear thermodynamic model

Markov model

C1

D1

Fig. 7



40 mV

100 ms

Hodgkin−Huxley model Linear thermodynamic model

Nonlinear thermodynamic model Markov model

A B

C D

E

−0.15 −0.1 −0.05

−80

−60

−40

−20

0

20

0

Hodgkin−Huxley
Linear thermodynamic
Nonlinear thermodynamic
Markov

P
ea

k 
LT

S
 (

m
V

)

Injected current (nA)

Fig. 8


